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1 Note that probabilists define
the generator in terms of the
adjoint operator A†.

1. Continuous time Markov chains

Let X = {X(t); t ≥ 0} be a family of random variables taking values
in some subset Γ of the integers. X is called a continuous-time Markov
chain if it satisfies the Markov property

P(X(tl) = n|X(t1), . . . ,X(tl−1)) = P(X(tl) = n|X(tl−1))

for any n ∈ Γ and any sequence t1 < t2 < .. . < tl of times. Introduce
the transition probability

Knm(t) = P(X(t + s) = n|X(s) = m),

which is independent of the initial time s (assuming a homogeneous
chain). Let Kt denote denote the N×N matrix with entries Knm(t). The
family of matrices {Kt : t ≥ 0} satisfies the following:

(i) K0 = I, the identity matrix;
(ii) Kt is stochastic, that is, it has non-negative entries and each

column sums to unity, that is, ∑n Knm(t) = 1 for all t ≥ 0 and m;
(iii) the Chapman-Kolmogorov equation

Ks+t = KsKt if s, t ≥ 0.

The family {Kt : t ≥ 0} is called a stochastic semigroup. We will restrict
our discussion to standard semigroups, for which lim

t→0+
Kt = I, which

holds if and only if the elements Knm(t) are continuous functions of t.
Suppose that the chain is in state X(t) = m at time t. One of two

distinct events can then occur in the small time interval (t, t +∆t):

1. The chain is in the same state at time t + ∆t with probability
Kmm(∆t)+ o(∆t);

2. The chain jumps to a new state n with probability Knm(∆t);

It can be shown that the probability of two or more transitions in the
small time interval is o(∆t).

Introduce the transition rates Anm according to

Knm(∆t) =Anm∆t+o(∆t) for m 6= n, Kmm(∆t) = 1+Amm∆t+o(∆t).
(1.1)

We are assuming that the transition probabilities are differentiable at
t = 0. From properties of the transition matrix K we see that Anm ≥ 0
for m 6= n, Amm ≤ 0 for all m, and ∑n Anm = 0 for all m. The matrix A
is known as the generator of the Markov process 1. Introducing the
probability distribution

P(n, t) = P(X(t) = n),
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2 X is said to be irreducible
if any two states m,n ∈ X
can be connected together
in a finite number of jumps.
Equivalently, the transition
matrix W is irreducible if there
exists k = k(n,m) for which
[Wk ]nm > 0.

3 Perron-Frobenius theorem:
If T is an irreducible nonnega-
tive finite matrix then

1. there is a simple eigen-
value λ0 of T that is
real and positive, with
positive left and right
eigenvectors

2. the remaining eigenval-
ues λ satisfy |λ |< λ0.

If Tnm = Wnm/∑k Wkm then
λ0 = 1, the left eigenvector is
ψ = (1, . . . ,1), and the right
eigenvector is p∗.

we then have

P(n, t +∆t) = ∑
m 6=n

Anm∆tP(m, t)+ (1+Ann∆t)P(n, t).

Rearranging this equation, dividing through by ∆t and taking the limit
∆t → 0 yields the master equation for the continuous-time Markov
chain:

dP(n, t)
dt

= ∑
m

AnmP(m, t). (1.2)

Using the fact that Amm = −∑n6=m Anm and setting Wnm = Anm for
n 6= m, we can rewrite the master equation as

dP(n, t)
dt

= ∑
m 6=n

WnmP(m, t)−
(

∑
k 6=n

Wkn

)
P(n, t). (1.3)

This version of the master equation can be interpreted as follows: the
first sum on the right-hand side involves all transitions m→ n, whereas
the second sum involves all transitions n→ k for k 6= n.

A stationary solution P∗ of the master equation (1.2) is a right null-
vector of A, that is, ∑i AnmP∗m = 0. We then have the following ergodic
theorem for continuous-time Markov chains:

Theorem 1 Let X be irreducible2 with a standard semigroup {Kt} of
transition probabilities.

1. If there exists a stationary distribution P∗ then it is unique and

P(n, t)→ P∗n as t→ ∞

for all n.

2. If there is no stationary distribution then P(n, t)→ 0 as t → ∞

for all n.

For a finite chain, irreducibility is sufficient to guarantee existence of a
unique stationary state and is a consequence of the Perron-Frobenius
Theorem.3

1.1 Birth-death processes and stochastic ion channels

A birth-death process is a special case of a continuous-time Markov
chain where the state transitions are of only two types: "births", which
increase the state variable by one and "deaths", which decrease the state
by one, see Fig. 1. The corresponding master equation takes the form

d
dt

P(n, t) = ω+(n−1)P(n−1, t)+ω−(n+ 1)P(n+ 1, t) (1.4)

− [ω+(n)+ω−(n)]P(n, t), n≥ 0,
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Figure 1: Schematic illustration
of a birth-death process with
transition rates ω±(n).
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Figure 2: (a) Ion channel
switching between an open and
closed state. (b) The stochas-
tic nature of the switching is re-
vealed by current measurements
of a single ion channel.

where ω+(n) is the birth rate for n→ n+1 and ω−(n) is the death rate
for n→ n−1.

A birth-death process is one example where the stationary distribu-
tion (if it exists) is unique and can be determined explicitly. The station-
ary solution P∗n of the master equation (1.4) satisfies J(n) = J(n+ 1)
with

J(n) = ω−(n)P∗n −ω+(n−1)P∗n−1.

Using the fact that n is a nonnegative integer, that is, p∗n = 0 for n < 0,
it follows that J(n) = 0 for all n. Hence, by iteration,

P∗n = P∗0
n

∏
m=1

ω+(m−1)
ω−(m)

. (1.5)

with

P∗0 =

(
1+

N

∑
n=1

n

∏
m=1

ω+(m−1)
ω−(m)

)−1

.

One important example of a birth-death process in neuroscience is
given by the stochastic opening and closing of ion channels. Suppose
that there are a finite number N of identical, independent two-state ion
channels evolving according to the simple Markov process, see Fig. 2

C(closed)
α



β

O(open). (1.6)

Let P(n, t) denote the probability that there are n open channels at time
t, 0≤ n≤ N. (If there are n open channels then it immediately follows
that there are N− n closed channels, so we don’t need to keep track
of the latter as well). Then P(n.t) evolves according to the birth-death
master equation

d
dt

P(n, t) = α(N−n+ 1)P(n−1, t)+β (n+ 1)P(n+ 1, t) (1.7)

− [α(N−n)+βn]P(n, t), 1≤ n≤ N−1.

The first term on the right–hand side represents the probability flux that
one of N− (n− 1) closed channels undergoes the transition C→ O,
whereas the second term represents the probability flux that one of
n+ 1 open channels undergoes the transition O→ C. The last two
terms represent transitions n→ n±1. Equation (1.7) is supplemented
by the two boundary equations P(−1, t) = P(N + 1, t) = 0. Define the
mean number of open channels at time t by

n(t) =
N

∑
n=0

nP(n, t).
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4 Kurtz76; Gardiner09

Differentiating both sides of this equation with respect to t and using
the master equation (1.7) yields the kinetic equation

dx
dt

= −βx+α(1− x) (1.8)

for x = n/N.
The master equation (1.7) can be written in the general form (1.4)

with transition rates

ω+(n) = (N−n)α , ω−(n) = nβ . (1.9)

Substituting the particular transition rates (1.9) into the expression (1.5)
for the stationary distribution of a birth-death process, we have

P∗n = P∗0

[
α

β

]n N!
n!(N−n)!

(1.10)

After calculating P∗n , we obtain the binomial distribution

P∗n =
αnβ N−n

(α +β )N
N!

n!(N−n)!
= ρ

n
0 (1−ρ0)

N−n N!
n!(N−n)!

, (1.11)

where ρ0 = α/(α + β ). The mean and variance of the Binomial
distribution can be obtained using generating functions. That is,

Γ(z) ≡
N

∑
m=0

zmP∗m =
N

∑
m=0

N!
n!(N−n)!

(zρ0)
n(1−ρ0)

N−n

= (zρ0 + 1−ρ0)
N .

It follows that

〈n〉= Γ′(1) = Nρ0(zρ0 + 1−ρ0)
N−1∣∣

z=1 = Nρ0,

and

〈n(n−1)〉= Γ′′(0) = N(N−1)ρ2
0 (zρ0 + 1−ρ0)

N−2∣∣
z=1 =N(N−1)ρ2

0 .

Hence, the mean and variance of the Binomial distribution are

〈n〉= Nρ0, Var[n] = N(N−1)ρ2
0 +Nρ0−N2

ρ0 = Nρ0(1−ρ0)
(1.12)

1.2 Diffusion approximation of birth-death master equation

A useful diffusion approximation4 of the birth-death master equation
(1.4) for large but finite N can be obtained by carrying out a Kramers-
Moyal or system-size expansion to second order in N−1. This yields a
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Fokker–Planck (FP) equation describing the evolution of the probability
density of a corresponding continuous stochastic process that is the
solution to a stochastic differential equation (SDE). First, introduce
the rescaled variable x = n/N and transition rates NΩ±(x) = ω±(Nx).
Equation (1.4) can then be rewritten in the form

d p(x, t)
dt

= N[Ω+(x−1/N)p(x−1/N, t)+Ω−(x+ 1/N)p(x+ 1/N, t)

− (Ω+(x)+Ω−(x))p(x, t)].

Treating x, 0≤ x≤ 1, as a continuous variable and Taylor expanding
terms on the right–hand side to second order in N−1 leads to the FP
equation

∂ p(x, t)
∂ t

= − ∂

∂x
[V (x)p(x, t)]+

1
2N

∂ 2

∂x2 [D(x)p(x, t)] (1.13)

with

V (x) = Ω+(x)−Ω−(x), D(x) = Ω+(x)+Ω−(x). (1.14)

In the particular case of the two-state ion channel model with transition
rates (1.9), we have

V (x) = α− (α +β )x, D(x) = α +(β −α)x.

The FP equation takes the form of a conservation equation

∂ p
∂ t

= −∂J
∂x

, (1.15)

where J(x, t) is the probability flux,

J(x, t) = − 1
2N

∂

∂x
[D(x)p(x, t)]+V (x)p(x, t). (1.16)

The FP equation is supplemented by the no-flux or reflecting boundary
conditions at the ends x = 0,1 and a normalization condition,

J(0, t) = J(1, t) = 0,
∫ 1

0
p(x, t)dx = 1. (1.17)

The FP equation has a unique steady-state solution obtained by setting
J(x, t) = 0 for all 0 ≤ x ≤ 1. The resulting first-order ODE can be
solved to give a steady–state probability density of the form

pFP(x) = N
e−NΨ(x)

D(x)
, (1.18)
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5 Note that the noise term
in (1.20) is multiplicative,
since it depends on the current
state X(t). It is well known
that there is an ambiguity
in how one integrates multi-
plicative noise terms, which
relates to the issue of Ito ver-
sus Stratonovich versions of
stochastic calculus. However,
for this particular example,
based on the reduction of a
master equation, the explicit
form of the corresponding FP
equation (1.13) ensures that
the noise should be interpreted
in the sense of Ito.

with the so-called quasi-potential

Ψ(x) ≡−2
∫ x V (x′)

D(x′)
dx′ = −2

∫ x Ω+(x′)−Ω−(x′)
Ω+(x′)+Ω−(x′)

dx′. (1.19)

Here N is a normalization factor.
The solution to the FP equation (1.13) determines the probability

density function for a corresponding stochastic process X(t), which
evolves according to the SDE or Langevin equation 5

dX = V (X)dt +
1√
N

b(X)dW (t). (1.20)

with b(x)2 = D(x). Here W (t) denotes a Wiener process with dW (t)
distributed according to a Gaussian process with mean and covariance

〈dW (t)〉= 0, 〈dW (t)dW (s)〉= δ (t− s)dtds. (1.21)

In the limit N→ ∞, we recover the deterministic equation (1.8) with
x(t) converging to the unique stable fixed point

x∗ = α/(α +β ). (1.22)

One can thus view the SDE as describing a stochastic path in phase
space that involves Gaussian–like fluctuations of order 1/

√
N about

the deterministic trajectory. Substituting X−x∗ = Y /
√

N into the SDE
(1.20) and formally Taylor expanding to lowest order in 1/

√
N yields

the so-called linear noise approximation

dY = −kY dt + b(x∗)dW (t), (1.23)

with

k ≡−V ′(x∗) = α +β , b(x∗) =
√

D(x∗) =

√
2αβ

α +β
.

This takes the form of an Ornstein-Uhlenbeck equation. Hence, in the
stationary limit t→ ∞,

〈Y (t)〉 → 0, 〈Y (t)2〉 → b(x∗)2

2k

[
1− e−2kt

]
.

Since Y (t) =
√

N(X(t)−x∗), X(t) = n(t)/N and x∗ = p0, we recover
the results of (1.12).

How does the resulting steady-state density given by (1.18) with
quasi-potential (1.19) compare to the steady-state solution of the corre-
sponding master equation (1.4) in the large N limit? In order to answer
this question, let us consider the particular transition rates (1.9). Taking
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6 On the other hand, it can lead
to exponentially large errors
when there are multiple stable
fixed points. The diffusion
approximation still accounts
for the effects of fluctuations
well within the basin of at-
traction of a locally stable
fixed point, but there is now
a small probability that there
is a noise–induced transition
to the basin of attraction of
another fixed point. Since the
probability of such a transition
is usually of order e−τN with
τ = O(1), except close to the
boundary of the basin of attrac-
tion, such a contribution might
not be determined accurately
using standard Fokker–Planck
methods. These exponentially
small transitions play a crucial
role in allowing the system
to approach the unique sta-
tionary state (if it exists) in
the asymptotic limit t → ∞.
In other words, for bistable
or multistable systems, the
limits t→ ∞ and N→ ∞ do not
commute [Hanggi84, Baras96,
Vellela10].

logarithms of both sides of equation (1.10) and using Strirling’s formula
log(n!) ≈ n logn− n yields a steady-state density similar in form to
(1.18) but with a different quasi-potential:

p(x) = K(x)e−NΦ(x), (1.24)

with K(x) = O(1) and

Φ(x) = −x log(α/β )+ x log(x)+ (1− x) log(1− x)

=
∫ x

ln
Ω−(x′)
Ω+(x′)

dx′. (1.25)

Since Φ(x) 6= Ψ(x), we see that the steady-state probability density
under the diffusion approximation can deviate significantly from the
effective potential obtained directly from the master equation. However,
this discrepancy is not much of an issue for the simple two-state system,
since the underlying kinetic equation has a unique fixed point. Indeed,
both potentials have the same global minimum at x = x∗, Φ′(x∗) =
Ψ′(x∗) = 0. Moreover, we find that Ψ′′(x∗) = Φ′′(x∗). Since N is large,
we can make the Gaussian approximation

p(x) ≈ p(x∗)exp
[
−NΦ(x∗)−NΦ′′(x∗)(x− x∗)2/2

]
.

and similarly for pFP(x). Under this approximation, the mean and
variance of the fraction of open channels are given by

n̄
N

= x∗ =
α

α +β
,
〈(n− n̄)2〉

N2 =
1

NΦ′′(x∗)
=

x∗(1− x∗)
N

, (1.26)

and we obtain the same results using the Gaussian approximation
of pFP(x). Thus the diffusion approximation accounts well for the
Gaussian-like fluctuations around a globally stable fixed point. 6

1.3 Law of mass action and chemical kinetics

Consider a closed domain containing a mixture of chemical species
X j, j = 1, . . . ,K. Let n j be the number of molecules of X j and set
n = (n1, . . . ,nK). A typical single-step chemical reaction takes the
form

s1X1 + s2X2 + . . .→ r1X1 + r2X2 + . . . ,

where s j,r j are known as stochiometric coefficients. When one such
reaction occurs the state n is changed according to

ni→ ni + ri− si.
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Introducing the vector S with Si = ri− si, we have n→ n+ S. The
reverse reaction

∑
j

r jX j→∑
j

s f X j,

would then have n→ n−S. If Xk is a catalyst or enzyme, then it plays
the role of facilitating reactions between other chemical species such
that sk = rk 6= 0. More complicated multi-step reactions can always be
decomposed into these fundamental single-step reactions with appro-
priate stochiometric coefficients. In practice, most reactions involve the
collisions of a pair of molecules so that ∑ j s j = 1 or 2.

In the case of a large number of molecules, one can describe the
dynamics of a single step chemical reaction in terms of a kinetic or rate
equation involving the concentrations x j = n j/Ω – the law of mass
action. Here Ω is a dimensionless quantity representing the system
size, which in gene networks is typically taken to be the characteristic
number of proteins. (Alternatively, it could represent some volume
scale factor.) From basic physical principles, one usually finds that

dxi

dt
= κ(ri− si)

K

∏
j=1

x
s j
j ≡ Si f (x). (1.27)

Here κ is a rate constant that depends on the probability that a collision
of the relevant molecules actually leads to a reaction. The product of
concentrations is motivated by the idea that in a well-mixed container
there is a spatially uniform distribution of each type of molecule, and
the probability of a collision depends on the probability that each
of the reactants is in the same local region of space. Ignoring any
statistical correlations, the latter is given by the product of the individual
concentrations. Now suppose that there are a = 1, . . . ,R separate single-
step reactions in a given biochemical or gene network. Then

dxi

dt
=

R

∑
a=1

Sia fa(x), i = 1, . . . ,K (1.28)

where a labels a single-step reaction and S is the so-called K × R
stochiometric matrix for K molecular species and R reactions. Thus
Sia specifies the change in the number of molecules of species i in a
given reaction a. The functions fa are known as transition intensities or
propensities.

1.4 Chemical master equations and the system-size expan-
sion

One of the major drivers of the application of stochastic processes to
cell biology has been the realization that often at least some of the
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8 vanKampen92; Elf03;
Gardiner09

reacting species occur with low copy numbers. This is particularly the
case in gene networks and certain biochemical signaling networks, but
is also relevant to neural systems dependent on the stochastic opening
and closing of ion channels. Finite system sizes means that one can no
longer model the dynamics in terms of a deterministic system of ODEs.
Instead, one needs to keep track of changes in the number of molecules
of each species according to a continuous time Markov chain. The pos-
sible transitions and reaction rates are determined by the stochiometric
matrix and propensities introduced above. The corresponding chemical
master equation takes the form

dP(n, t)
dt

= Ω
R

∑
a=1

(
K

∏
i=1

E−Sia −1

)
fa(n/Ω)P(n, t), (1.29)

Here E−Sia is a step or ladder operator such that for any function g(n),

E−Siag(n1, . . . ,ni, . . . ,nN) = g(n1, . . . ,ni−Sia, . . . ,nN). (1.30)

One point to note is that when the number of molecules is sufficiently
small, the characteristic form of a propensity function f (x) in equation
(1.27) has to be modified:(n j

Ω

)s j → 1
Ωs j

n j!
(n j− s j)!

.

Although the chemical master equation is linear in P(n, t), the transition
rates can be nonlinear functions of the copy numbers ni; the master
equation is then said to be nonlinear.

In general it is not possible to obtain exact solutions of the master
equation (1.29) even in the case of a stationary solution. (Note, how-
ever, that recent progress has been made by generalizing the theory of
chemical reaction networks to stochastic models7.) Therefore, one often
resorts to some form of approximation scheme. The most common is the
diffusion approximation obtained by carrying out an expansion in the
system size Ω8. The basic idea is to set fa(n/Ω)P(n, t)→ fa(x)p(x, t)
with x = n/Ω treated as a continuous vector so that to O(Ω−2)

K

∏
i=1

E−Sia h(x) = h(x−Sa/Ω)

= h(x)−Ω−1
K

∑
i=1

Sia
∂h
∂xi

+
1

2Ω2

K

∑
i, j=1

SiaS ja
∂ 2h(x)
∂xi∂x j

Carrying out a Taylor expansion of the master equation to second order
thus yields the multivariate FP equation

∂ p
∂ t

= −
K

∑
i=1

∂Vi(x)p(x, t)
∂xi

+
1

2Ω

K

∑
i, j=1

∂ 2Di j(x)p(x, t)
∂xi∂x j

, (1.31)
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where

Vi(x) =
R

∑
a=1

Sia fa(x), Di j(x) =
R

∑
a=1

SiaS ja fa(x). (1.32)

The FP equation (1.31) corresponds to the multivariate Langevin equa-
tion

dXi = Vi(X)dt +
1√
Ω

R

∑
a=1

Bia(X)dWa(t), (1.33)

where Wa(t) are independent Wiener processes

〈dWa(t)〉= 0, 〈dWa(t)dWb(t ′)〉= δa,bδ (t− t ′)dt dt ′, (1.34)

and D = BBT , that is,

Bia = Sia

√
fa(x). (1.35)

The system-size expansion works particularly well when the underlying
deterministic system (1.28) has a unique stable fixed point since, after
a transient phase, the dynamics consists of Gaussian-like fluctuations
about the fixed point. However, in the case of weak noise, the transitions
between different metastable states typically involve rare transitions
that lie in the tails of the associated probability distributions where
the Gaussian approximation no longer necessarily holds. Therefore, in
order to ensure accurate estimates of transition rates, one has to use
alternative approximation schemes based on WKB and large deviation
theory (see section 4).

Now suppose that the deterministic system (1.28), written as

dxi

dt
= Vi(x),

has a unique stable fixed point x∗ for which Vi(x∗) = 0, and introduce
the Jacobian matrix A with

Ai j =
∂Vi

∂x j

∣∣∣∣
x=x∗

(1.36)

The Langevin equation suggests that, after a transient phase, the stochas-
tic dynamics is characterized by Gaussian fluctuations about the fixed
point. Substituting Xi(t) = x∗i +Yi(t)/

√
Ω into the Langevin equa-

tion (1.33) and keeping only lowest order terms in Ω−1/2 yields the
Ornstein-Uhlenbeck (OU) process

dYi =
K

∑
j=1

Ai jYjdt +
R

∑
a=1

Bia(x∗)dWa(t). (1.37)
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Figure 3: An autoregulatory net-
work. A gene X is repressed by
its own protein product.
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Figure 4: Fixed points of de-
terministic autoregulatory net-
work. Network is monostable
in the case of negative feedback
(red curve) and weak positive
feedback (dashed blue curve),
but can exhibit bistability in the
case of strong positive feedback
(solid blue curve).

Introducing the stationary covariance matrix

Σi j = 〈[Yi(t)−〈Yi(t)〉][Yj(t)−〈Yj(t)〉]〉

it immediately follows from the analysis of the multivariate OU process,
that

AΣ+ΣAT = −BBT . (1.38)

Equation (1.38), which is a form of fluctuation-dissipation theorem, is
often used to estimate the size of protein fluctuations in gene networks
due to intrinsic noise.

1.5 Autoregulatory gene network

One of the simplest examples of a gene network with regulatory feed-
back is autoregulation, in which a gene is directly regulated by its own
gene product 9, see Fig. 3. A simple kinetic model of autoregulatory
feedback is

dx1

dt
= −γx1 +F(x2),

dx2

dt
= rx1− γpx2, (1.39)

where x1(t) and x2(t) denote the concentrations (or number) of mRNA
and protein molecules at time t. The parameters γ ,γp represent the
degradation rates, r represents the translation rate of proteins, and
F(x) represents the nonlinear feedback effect of the protein on the
transcription of mRNA. A typical choice for F in the case of an activator
(a) or repressor (r) is to express it in terms of a Hill function. That is,
F = Fa or F = Fr with

Fa(x) = σ0 +
σ1κx2

1+κx2 , Fr(x) =
σr

1+κx2 (1.40)

One can view the quadratic terms as arising from dimerization. A fixed
point (x∗1,x∗2) of the kinetic equations satisfies x∗1 = F(x∗2)/γ with x∗2 a
root of the cubic

f (x∗2) ≡−γpx∗2 +
r
γ

F(x∗2) = 0.

One can thus determine the number of fixed points and their stability
using a graphical construction, see Fig. 4. In the case of negative
feedback there is a single stable fixed point, whereas with positive
feedback the network can be monostable or bistable. For the moment,
suppose that there is only one stable fixed point.

In order to take into account the effects of molecular noise due to
finite copy numbers, we need to write down the corresponding master

13



equation. Let P = P(m,n, t) denote the probability that there are m
mRNA and n proteins at time t. Then the chemical master equation is

dP
dt

= ΩF(n)P(m−1,n, t)+ γ(m+ 1)P(m+ 1,n, t)

+rmP(m,n−1, t)+ γp(n+ 1)P(m,n+ 1, t)

− [ΩF(n)+ γm)+ rm+ γpn]P(m,n, t). (1.41)

We now carry out a linear noise approximation. First, rewrite the
kinetic equations in the general form (1.27) with two chemical species
(K = 2) and four single-step reactions (R = 4). For example, taking
a = 1,2 to be mRNA production and degradation, respectively, we have
Si,1 = δi,1,Si,2 = −δi,1, f1(x) = F(x2), and f2(x) = γx1. Expressing
the master equation as (1.29) and carrying out a diffusion approximation
then leads to the FP equation (1.31) with drift terms

V1(x) = F(x2)− γx1, V2(x) = rx1− γpx2. (1.42)

and a diagonal diffusion matrix D with non-zero components

D11 = F(x2)+ γx1, D22 = rx1 + γpx2 (1.43)

Linearizing the corresponding Langevin equation about the unique fixed
point by setting Xi(t) = x∗i +Ω−1/2Yi(t) then yields the OU process
(1.37) for Yi. Introducing the stationary covariance matrix

Σi j = 〈[Yi(t)−〈Yi(t)〉][Yj(t)−〈Yj(t)〉]〉

one sees that Yi(t) is a Gaussian process with zero mean and covariances
determined from the matrix equation

AΣ+ΣAT = −D (1.44)

with

A =

( −γ µ

r −γp

)
, D =

(
F(x∗2)+ γx∗1 0

0 rx∗1 + γpx∗2

)
,

and µ = F ′(x∗2). Note that µ > 0 for an activator and µ < 0 for a
repressor. Solving the matrix equation (1.44) yields

Σ12 = Σ21 =
η

1+η

(
1− φ

1+ bφ

)
x∗2, Σ22 = x∗2 +

r
γp

Σ12,

where
b =

r
γ

, η =
γp

γ
, φ = − µ

γp
.

14
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Here b is the so-called burst size, η is the ratio of degradation rates,
and φ describes the strength and sign of the feedback. It follows that
the Fano factor for proteins is

var[n]
〈n〉 = 1+

b
1+η

(
1− φ

1+ bφ

)
. (1.45)

In the absence of feedback (φ = 0), the Fano factor is 1+ b/(1+η),
which is noiser than a pure Poison processs. When negative feedback
is included, the Fano factor decreases since φ > 0. This establishes that
negative feedback can reduce fluctuations in protein number.

1.6 The stochastic simulation algorithm (SSA)

The SSA, which was originally developed by Gillespie10, is an efficient
numerical scheme for generating exact sample paths of a continuous-
time Markov process whose probability distribution evolves according
to the chemical master equation (1.29). In the following we eliminate
the global factor of Ω by rescaling time t→Ωt.

The starting point for constructing the SSA is to define a new prob-
ability function p(τ ,a|x, t), which is the probability, given X(t) = x,
that the next reaction in the system will occur in the time interval
[t + τ , t + τ +∆τ) and will be the reaction a. From this perspective,
both τ and a are random variables conditioned on X(t) = x. An analyt-
ical expression for p(τ ,a|x, t) can be obtained by introducing another
probability function P0(τ|x, t), which is the probability, given X(t) = x,
that no reaction of any kind occurs in the time interval [t, t + τ). It fol-
lows from the definitions of P0 and the propensities fa that P0 satisfies
the equation

P0(τ + dτ|x, t) = P0(τ|x, t)

[
1−

R

∑
a=1

fa(x)dτ

]
,

which is the product of the probability that no reaction occurs in [t,τ)
and the probability that there are no transitions in the infinitesimal
interval [t + τ , t + τ + dτ). Rearranging and taking the limit dτ → 0
yields

dP0(τ|x, t)
dτ

= −F(x)P0(τ|x, t), F(x) =
R

∑
a=1

fa(x).

Under the initial condition P(0|x, t) = 1, we have the solution

P0(τ|x, t) = exp(−F(x)τ).

We now note

p(τ ,a|x, t)dτ = P0(τ|x, t) fa(x)dτ ,

15
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which implies that p can be written in the form

p(τ ,a|x, t) = F(x)exp(−F(x)τ)
fa(x)
F(x)

. (1.46)

Hence, τ is an exponential random variable with mean and standard
deviation 1/F(x), while a is a statistically independent integer random
variable with x-dependent probability fa(x)/F(x).

One exact Monte Carlo method for generating samples of the ran-
dom variables τ ,a is to draw two random numbers r1,r2 from the
uniform distribution on [0,1] with

τ = − 1
F(x)

lnr1 (1.47a)

a = the smallest integer for which
a

∑
s=1

fa(x) > r2F(x). (1.47b)

The direct method of implementing the SSA is as follows:

1. Initialize the time t = t0 and the chemical state x = x0

2. Given the state x at time t, determine the fa(x) for a = 1, . . . ,R
and their sums F(x)

3. Generate values for τ and a using equations (1.47a) and (1.47b)

4. Implement the next reaction by setting t→ t ′ = t + τ and x j→
x′j = x j + S ja/Ω.

5. Return to step 2 with (x, t) replaced by (x′, t ′), or else stop.

There have been a variety of subsequent algorithms that differ in the
implementation of step 2, including the next reaction method11 and the
modified next reaction method12. The latter is based on the random
time change representation of Kurtz13.

In many applications the mean time between reactions, 1/F(x), is
very small so that simulating every reaction becomes computationally
infeasible, irrespective of the version of the SSA is chosen. Gillespie
introduced tau-leaping in order to address this problem by sacrificing
some degree of exactness of the SSA in return for a gain in computa-
tional efficiency14. The basic idea is to “leap” the system forward by a
pre-selected time τ (distinct from the τ of the SSA), which may include
several reaction events. Given X(t) = x, τ is chosen to be large enough
for efficient computation but small enough so that

fa(x) ≈ constant in [t, t + τ) for all a.

16
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Let N (λ ) denote a Poison counting process with mean λ . During the
interval [t, t + τ) there will be approximately N (λa) reactions of type
a with λa = fa(x)τ . Since each of these reactions increases increases
x j by S ja/Ω, the state at time t + τ will be

X j(t + τ) = x+
R

∑
a=1

Na( fa(x)τ)S ja, (1.48)

where the Na are independent Poisson processes. This equation is
known as the tau-leaping formula. However, there are two fundamen-
tal problems with the original formulation of tau-leaping. First, it is
difficult to choose the appropriate value of τ at each iteration of the
algorithm - occasionally large changes in propensities occur that cause
one or more components x j to become negative. Second, although
tau-leaping becomes exact in the limit τ → 0, the inefficiency becomes
prohibitive since the R generated Poisson random numbers will be zero
most of the time resulting in no change of state. These two issues have
been addressed in various modifications in the tau-leaping procedure,
see for example Cao et al.15.
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extend the analysis to higher-
dimensions, x ∈ Rd . In this
case Σ is taken to be a con-
nected, bounded domain with
a regular boundary ∂ Ω. How-
ever, for notational simplicity,
we restrict ourselves to the
case d = 1. It is also possi-
ble to have a set of discrete
variables, but one can always
relabel the internal states so
that they are effectively in-
dexed by a single integer. It is
also possible to consider gen-
eralizations of the continuous
process, in which the ODE
(2.1) is replaced by a stochas-
tic differential equation (SDE)
or even a partial differential
equation (PDE). In order to
allow for such possibilities
we will refer to all of these
processes as examples of a
stochastic hybrid system.

2. Stochastic hybrid systems

One of the aims of these lecture notes is to highlight the increasingly
important role that stochastic hybrid systems (SHSs) are playing in
cellular neuroscience and neurophysiology, see also my recent book16.
As we describe in more detail below, such systems involve a coupling
between one or more continuous variables, evolving either determin-
istically or stochastically, and a discrete Markov process. In the case
of gene networks17, this occurs if there is a mixture of molecules with
low copy numbers (eg. genes, mRNA) and molecules with high copy
numbers (eg. certain proteins). Other important examples considered
in section 3 include membrane voltage fluctuations induced by the
stochastic opening and closing of ion channels18, and stochastic neural
networks19.

We begin with the definition of an SHS and, in particular, a piece-
wise deterministic Markov process (PDMP)20. For the sake of illustra-
tion, consider a system whose states are described by a pair (x,n) ∈
Σ×{0, · · · ,N0− 1}, where x is a continuous variable in a bounded
interval Σ ⊂R and n a discrete stochastic variable taking values in the
finite set Γ≡ {0, · · · ,N0−1}.21 When the internal state is n, the system
evolves according to the ordinary differential equation (ODE)

ẋ = Fn(x), (2.1)

where the vector field Fn : R→ R is a continuous function, locally
Lipschitz. That is, given a compact subset K of Σ, there exists a
positive constant Kn such that

|Fn(x)−Fn(y)| ≤ Kn|x− y|, ∀x,y ∈ Σ (2.2)

for some constant Kn. We assume that the dynamics of x is confined to
the domain Σ so that we have existence and uniqueness of a trajectory
for each n. For fixed x, the discrete stochastic variable evolves according
to a homogeneous, continuous-time Markov chain with generator A(x).
We make the further assumption that the chain is irreducible for all
x ∈ Σ, that is, for fixed x there is a non-zero probability of transitioning,
possibly in more than one step, from any state to any other state of
the Markov chain. This implies the existence of a unique invariant
probability distribution on Γ for fixed x ∈ Σ, denoted by ρ(x), such that

∑
m∈Γ

Anm(x)ρm(x) = 0, ∀n ∈ Γ. (2.3)

Let us decompose the transition matrix of the Markov chain as

Wnm(x) = Pnm(x)λm(x),
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with ∑n 6=m Pnm(x) = 1 for all x. Hence λm(x) determines the jump times
from the state m whereas Pnm(x) determines the probability distribution
that when it jumps the new state is n for n 6= m. The hybrid evolution
of the system with respect to x(t) and n(t) can then be described as
follows. Suppose the system starts at time zero in the state (x0, n0).
Call x0(t) the solution of (2.1) with n = n0 such that x0(0) = x0. Let
θ1 be the random variable such that

P(θ1 < t) = 1− exp
(
−
∫ t

0
λn0(x0(t ′))dt ′

)
.

Then in the random time interval s ∈ [0, θ1) the state of the system is
(x0(s),n0). We draw a value of θ1 from P(θ1 < t), choose an internal
state n1 ∈ Γ with probability Pn1n0(x0(θ1)), and call x1(t) the solution
of the following Cauchy problem on [θ1,∞):{

ẋ1(t) = Fn1(x1(t)), t ≥ θ1

x1(θ1) = x0(θ1)

Iterating this procedure, we construct a sequence of increasing jumping
times (θk)k≥0 (setting θ0 = 0) and a corresponding sequence of internal
states (nk)k≥0. The evolution (x(t), n(t)) is then defined as

(x(t),n(t)) = (xk(t),nk) if θk ≤ t < θk+1. (2.4)

Note that the path x(t) is continuous and piecewise C1. In order to have
a well-defined dynamics on [0,T ], it is necessary that almost surely the
system makes a finite number of jumps in the time interval [0,T ]. This
is guaranteed in our case.

The above formulation is the basis of a simulation algorithm for
PDMPs22. If λm(x) = κm is independent of x for all m, then the stochas-
tic jump time from state m is given by

τ =
1

κm
ln(1/u),

where u ∈ [0,1] is a realization of a uniform random variable. The
simulation of the PDMP is then very similar to the SSA for a chemical
master equation. On the other hand, in the x-dependent case one has to
numerically solve the integral equation∫

τ

0
λnk (xk(t))dt = ln(1/u). (2.5)

at the k-th iteration. This can be achieved by solving the ODE system

dxk

dt
= Fnk (xk(t))

dRk

dt
= λnk (xk(t))[1−Rk(t)],
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and setting Rk(t) = u. In contrast to discrete Markov processes, the
time spent in a discrete state (the sojourn time τ) of a PDMP may
become infinite. That is,

P(τ = ∞) = c > 0, lim
t→∞

P(τ < t)→ 1− c.

2.1 Chapman-Kolmogorov equation.

Given the above iterative definition of a PDMP, let X(t) and N(t) denote
the stochastic continuous and discrete variables, respectively, at time t,
t > 0, given the initial conditions X(0) = x0,N(0) = n0. Introduce the
probability density pn(x, t|x0,n0,0) with

P{X(t) ∈ (x,x+ dx), N(t) = n|x0,n0) = pn(x, t|x0,n0,0}dx.

It follows that p evolves according to the forward differential Chapman-
Kolmogorov (CK) equation23

∂ pn

∂ t
= −∂Fn(x)pn(x, t)

∂x
+

1
ε

∑
m∈Γ

Anm pm(x, t)., (2.6)

The first term on the right-hand side represents the probability flow as-
sociated by the piecewise deterministic dynamics for a given n, whereas
the second term represents jumps in the discrete state n. Note that we
have rescaled the matrix A by introducing the dimensionless parameter
ε , ε > 0. This is motivated by the observation that one often finds a
separation of time-scales between the relaxation time for the dynamics
of the continuous variable x and the rate of switching between the dif-
ferent discrete states n. The fast switching limit then corresponds to the
case ε → 0. Let us now define the averaged vector field F : R→R by

F(x) = ∑
n∈Γ

ρn(x)Fn(x)

Intuitively speaking, one would expect the stochastic hybrid system
(2.1) to reduce to the deterministic dynamical system{

ẋ(t) = F(x(t))
x(0) = x0

(2.7)

in the fast switching limit ε → 0. That is, for sufficiently small ε , the
Markov chain undergoes many jumps over a small time interval ∆t
during which ∆x≈ 0, and thus the relative frequency of each discrete
state n is approximately p∗n(x). This can be made precise in terms of a
Law of Large Numbers for stochastic hybrid systems24.

It remains to specify boundary conditions for the CK equation. For
the sake of illustration, we take Σ = [0,L] and assume that the drift
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terms Fn(x) do not change sign in the interval Σ. In particular, there
exists an integer m, 1 ≤ m ≤ N0− 1, such that for all 0 < x < L we
have Fn(x) < 0 for 0 ≤ n ≤ m− 1 and Fn(x) > 0 for m ≤ n ≤ N0− 1.
Given the fact that Σ is an invariant manifold (the dynamics does not
exit Σ), it follows that Fn(0) = 0 for 0≤ n≤ m−1 and Fn(L) = 0 for
m≤ n≤ N0−1. No-flux boundary conditions at the ends x = 0,L take
the form J(0, t) = J(L, t) = 0 with

J(x, t) =
N0−1

∑
n=0

Fn(x)pn(x, t). (2.8)

It follows that pn(0, t) = 0 for m ≤ n ≤ N0− 1 and pn(L, t) = 0 for
0 ≤ n ≤ m− 1. In the analysis of metastability (section 4), it will be
necessary to impose an absorbing boundary condition at some interior
point x∗ of the domain Σ, that is,

pn(x∗, t) = 0, 0≤ n≤ m−1.

In contrast to the no-flux conditions, there are non-zero fluxes through
x∗.

In general it is difficult to obtain an analytical steady-state solution
(assuming it exists) unless N0 = 2. The steady-state version of equation
(2.6) reduces to

0 = − ∂

∂x
(F0(x)p0(x))+β (x)p1(x)−α(x)p0(x) (2.9)

0 = − ∂

∂x
(F1(x)p1(x))−β (x)p0(x)+α(x)p1(x), (2.10)

Adding the pair of equations yields

∂

∂x
(F0(x)p0(x))+

∂

∂x
(F1(x)p1(x)) = 0, (2.11)

that is,
F0(x)p0(x)+F1(x)p1(x) = c,

for some constant c. The reflecting boundary conditions imply that
c = 0.25 Since Fn(x) is non-zero for all x ∈ Σ, we can express p1(x) in
terms of p0(x):

p1(x) = −
F0(x)p0(x)

F1(x)
. (2.12)

Substituting into equation (2.9) gives

0 =
∂

∂x
(F0(x)p0(x))+

(
β (x)
F1(x)

+
α(x)
F0(x)

)
F0(x)p0(x). (2.13)
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This yields the solutions

pn(x) =
1

Z|Fn(x)|
exp
(
−
∫ x

x∗

(
β (y)
F1(y)

+
α(y)
F0(y)

)
dy
)

.

(2.14)

where x∗ ∈ Σ is arbitrary and assuming that the normalization factor Z
exists.

2.2 Quasi-steady-state (QSS) diffusion approximation.

For small but non-zero ε , one can use perturbation theory to derive
lowest order corrections to the deterministic mean field equation, which
leads to a Langevin equation with noise amplitude O(

√
ε). More specif-

ically, perturbations of the mean-field equation (2.7) can be analyzed
using a quasi-steady-state (QSS) diffusion or adiabatic approximation,
in which the CK equation (2.6) is approximated by a Fokker-Planck
(FP) equation for the total density ρ(x, t) = ∑n pn(x, t). The QSS ap-
proximation was first developed from a probabilistic perspective by
Papanicolaou26. It has subsequently been applied to a wide range of
problems in biology, including models of intracellular transport in ax-
ons 27 and dendrites 28 and bacterial chemotaxis 29. The QSS reduction
proceeds as follows:
1. Decompose the probability density as

pn(x, t) = p(x, t)ρn(x)+ εwn(x, t),

where ∑n pn(x, t) = p(x, t) and ∑n wn(x, t) = 0. Substituting into (2.6)
yields

ρn(x)
∂ p
∂ t

+ ε
∂wn

∂ t
= −∂Fn(x)[pρn(x)+ εwn]

∂x

+
1
ε

∑
m∈Γ

Anm(x)[pρm(x)+ εwm]

Summing both sides with respect to n then gives

∂ p
∂ t

= −∂F(x)p
∂x

− ε ∑
n∈Γ

∂Fn(x)wn

∂x
. (2.15)

2. Using the equation for p and the fact that Aρ = 0, we have

ε
∂wn

∂ t
= ∑

m∈Γ
Anm(x)wm−

∂ [Fn(x)ρn(x)p]
∂x

+ρn(x)
∂F(x)p

∂x

− ε ∑
m∈Γ

[δm,n−ρn(x)]
∂Fm(x)wm

∂x
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30 Fredholm alternative the-
orem (matrices). Consider
an M-dimensional linear inho-
mogeneous equation Az = b
with z,b ∈RM . Suppose that
the M×M matrix A has a
nontrivial null-space and let u
be a null vector of the adjoint
matrix A†, that is, A†u = 0.
The Fredholm alternative the-
orem for finite-dimensional
vector spaces states that the
inhomogeneous equation has a
(non-unique) solution for z if
and only if u ·b = 0 for all null
vectors u.

3. Introduce the asymptotic expansion

w∼ w(0)+ εw(1)+ ε
2w(2)+ . . .

and collect O(1) terms:

∑
m∈Γ

Anm(x)w
(0)
m =

∂ [Fn(x)ρn(x)p(x, t)]
∂x

−ρn(x)
∂F(x)p

∂x
. (2.16)

The Fredholm alternative theorem30 show that this has a solution, which
is unique on imposing the condition ∑n w(0)

n (x, t) = 0. Let us apply
this theorem to equation (2.16) for fixed x, t with Anm = A(n,m;x) and
A†

nm = Amn. The one-dimensional null-space is spanned by the vector
with components un = 1, since ∑n unAnm = ∑n A†

mnun = 0. Hence
equation (2.16) has a solution provided that

0 = ∑
n

[
∂ [Fn(x)ρn(x)p(x, t)]

∂x
−ρn(x)

∂F(x)p
∂x

]
.

This immediately follows since ∑n ρn(x) = 1 and ∑n ρn(x)Fn(x) =
F(x) for all x.

4. Combining equations (2.16) and (2.15) shows that ρ evolves accord-
ing to the FP equation

∂ p
∂ t

= − ∂

∂x
(F(x)p)+ ε

∂ 2

∂x2 (D(x)p) (2.17)

with the diffusion coefficient D(x) given by

D(x) = ∑
n∈Γ

Zn(x)Fn(x), (2.18)

where Zn(x) is the unique solution to

∑
m∈Γ

Anm(x)Zm(x) = [F(x)−Fn(x)]ρn(x). (2.19)

with ∑m Zm(x) = 0. We have dropped O(ε) corrections to the drift
term. For N0 > 2 one typically has to solve equation (2.19) numerically
in order to find the pseudo-inverse of A. However, in the special case
of a two-state discrete process (n = 0,1), with

A(x) =
( −α(x) β (x)

α(x) −β (x)

)
,

one has the explicit solution

D(x) =
β (x)[F0(x)−F(x)]F0(x)+α(x)[F1(x)−F(x)]F1(x)

[α(x)+β (x)]2
.

(2.20)
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At a fixed point x∗ of the deterministic equation ẋ = F(x), we have
F(x∗) = 0 and β (x∗)F0(x∗) = −α(x∗)F1(x∗). Hence, we have the
reduced expression

D(x∗) =
|F0(x∗)F1(x∗)|
α(x∗)+β (x∗)

. (2.21)

2.3 Dichotomous noise and the telegrapher equation

Consider a two-state PDMP of the form

dX
dt

= ξ (t) ≡ [v++ v−]n(t)− v−,

with v± > 0. The discrete state n(t) evolves according to a two-state
Markov chain with matrix generator

A =

( −k+ k−
k+ −k−

)
.

One interpretation of this model is that it represents the position of a
particle that randomly switches between two ballistic states with veloci-
ties v+ and−v−. This type of model has applications to various aspects
of cell biology, including microtubule catastrophes, bidirectional motor
transport and bacterial chemotaxis . In the physics literature ξ (t) is
called a dichotomous Markov noise process (DMNP), see the review by
Bena 31. If Pnn0(t) = P(N(t) = n|N(0) = n0) then the master equation
for n(t) takes the form

dPnn0

dt
= ∑

m=0,1
AnmPmn0

Using the fact that P0n0(t) + P1n0(t) = 1 we can solve this pair of
equations to give

P0n0(t) = δ0,n0e−t/τc + k−τc(1− e−t/τc), τc =
1

k−+ k+
.

A number of results follow from this. First τc is the relaxation time of
the DMNP with Pmn0(t)→ ρm in the limit t→ ∞ and

ρ0 =
k−

k++ k−
, ρ1 =

k+
k++ k−

. (2.22)

In the stationary state, the dichotomous noise term has the mean

〈ξ (t)〉= (ν++ν−)〈n(t)〉−Γ− = ρ1ν+−ρ0ν−. (2.23)
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Suppose, in particular, that the DMNP is unbiased so that 〈ξ (t)〉= 0.
The stationary autocorrelation function is then given by

〈ξ (t)ξ (t ′)〉= ν
2
−−2ν−(ν++ν−)ρ1 +(ν++ν−)2〈n(t)n(t ′)〉

=
D
τc

e−|t−t ′|/τc , (2.24)

with noise amplitude D = k+k−τ3
c (ν+ + ν−)2. This shows that the

DMNP is a form of colored noise.
The forward differential Chapman-Kolmogorov (CK) equation

takes the form

∂ p0

∂ t
= v−

∂ p0

∂x
+ k+p1− k−p0 (2.25a)

∂ p1

∂ t
= −v+

∂ p1

∂x
+ k−p0− k+p1. (2.25b)

In applications one is typically interested in the marginal density p(x, t) =
p0(x, t)+ p1(x, t), which can be used to calculate moments of p such
as the mean and variance,

〈X(t)〉=
∫

xp(x, t)dx, Var[X(t)] =
∫

x2 p(x, t)dx−〈x(t)〉2.

In the unbiased case v± = v,k± = k, the marginal probability density
p(x, t) satisfies the telegrapher’s equation[

∂ 2

∂ t2 + 2k
∂

∂ t
− v2 ∂ 2

∂x2

]
p(x, t) = 0. (2.26)

(The individual densities p0,1 satisfy the same equations.) The telegra-
pher’s equation can be solved explicitly for a variety of initial conditions.
More generally, the short-time behavior (for t � τc = 1/2k) is char-
acterized by wave-like propagation with 〈x(t)〉2 ∼ (Vt)2, whereas the
long-time behavior (t� τc) is diffusive with 〈x2(t)〉 ∼ 2Dt, D = v2/2k.
As an explicit example, the solution for the initial conditions p(x,0) =
δ (x) and ∂t p(x,0) = 0 is given by

p(x, t) =
e−kt

2
[δ (x− vt)+ δ (x+ vt)]

+
ke−kt

2v

[
I0(k

√
t2− x2/v2)+

t√
t2− x2/v2

I0(k
√

t2− x2/v2)

]
× [Θ(x+ vt)−Θ(x− vt)],

where In is the modified Bessel function of n-th order and Θ is the
Heaviside function. The first two terms clearly represent the ballistic
propagation of the initial data along characteristics x =±vt, whereas
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the Bessel function terms asymptotically approach Gaussians in the
large time limit. The steady-state equation for p(x) is simply p′′(x) =
0, which from integrability means that p(x) = 0 point-wise. This is
consistent with the observation that the above explicit solution satisfies
p(x, t)→ 0 as t→ ∞.
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Figure 5: Opening and closing
of ion channels underlying Ini-
tiaition and propgation of an ac-
tion potential.

32 Hodgkin52

3. Examples

3.1 Spontaneous action potentials

The generation and propagation of a neuronal action potential arises
from nonlinearities associated with active membrane conductances.
Ions can diffuse in and out of the cell through ion specific channels
embedded in the cell membrane, see Fig. 5. Ion pumps within the
cell membrane maintain concentration gradients, such that there is a
higher concentration of Na+ and Ca2+ outside the cell and a higher
concentration of K+ inside the cell. The membrane current through
a specific channel varies approximately linearly with changes in the
voltage v relative to some equilibrium or reversal potential, which is
the potential at which there is a balance between the opposing effects
of diffusion and electrical forces. [We will focus on a space-clamped
model of a neuron whose cell body is taken to be an iso-potential].
Summing over all channel types, the total membrane current (flow of
positive ions) leaving the cell through the cell membrane is

Icon = ∑
s

gs(v−Vs), (3.1)

where gs is the conductance due to channels of type s and Vs is the
corresponding reversal potential.

Recordings of the current flowing through single channels indicate
that channels fluctuate rapidly between open and closed states in a
stochastic fashion. Nevertheless, most models of a neuron use deter-
ministic descriptions of conductance changes, under the assumption
that there are a large number of approximately independent channels of
each type. It then follows from the law of large numbers that the frac-
tion of channels open at any given time is approximately equal to the
probability that any one channel is in an open state. The conductance
gs for ion channels of type s is thus taken to be the product gs = ḡsPs

where ḡs is equal to the density of channels in the membrane multiplied
by the conductance of a single channel and Ps is the fraction of open
channels. The voltage-dependence of the probabilities Ps in the case of
a delayed-rectifier K+ current and a fast Na+ current were originally
obtained by Hodgkin and Huxley 32 as part of their Nobel prize winning
work on the generation of action potentials in the squid giant axon. The
delayed-rectifier K+ current is responsible for terminating an action
potential by repolarizing a neuron. One finds that opening of the K+

channel requires structural changes in 4 identical and independent sub-
units so that PK = n4 where n is the probability that any one gate subunit
has opened. In the case of the fast Na+ current, which is responsible for
the rapid depolarization of a cell leading to action potential generation,
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the probability of an open channel takes the form PNa = m3h where m3

is the probability that an activating gate is open and h is the probability
that an inactivating gate is open. Depolarization causes m to increase
and h to decrease, whereas hyperpolarization has the opposite effect.

The dynamics of the gating variables m,n,h are usually formulated
in terms of a simple kinetic scheme that describes voltage-dependent
transitions of each gating subunit between open and closed states, see
equation (1.8). More specifically, for each Y ∈ {m,n,h}

dY
dt

= αY (v)(1−Y )−βY (v)Y , (3.2)

where αY (v) is the rate of the transition closed→ open and βY (v) is
the rate of the reverse transition open→ closed. From basic thermo-
dynamic arguments, the opening and closing rates are expected to be
exponential functions of the voltage v

αY (v) = AY e−BY v, βY (v) = A′Y e−B′Y v.

Hodgkin and Huxley originally fitted exponential-like functions to the
experimental data obtained from the squid axon. The corresponding
conductance-based model (in the absence of synaptic inputs) can then
be written in the form

C
dv
dt

= f (v,m,n,h)+ Iext, (3.3)

with

f (v,m,n,h) = −ḡNam3h(v−VNa)− ḡKn4(v−VK)− ḡL(v−VL).
(3.4)

Here IL = gL(v−VL) is called a leak current, which represents the
passive flow of ions through non-gated channels.

A simpler deterministic model of neural excitability is the Morris-
Lecar (ML) model 33:

v̇ = a(v) fNa(v)+w fK(v)−g(v) (3.5)

ẇ =
w∞(v)−w

τw(v)
, (3.6)

where v is voltage and w represents the fraction of open K+ channels.
The function g(v) incorporates any leakage currents and applied exter-
nal currents. It is assumed that the Na+ channels are in quasi-steady
state specified by the function a(v), thus eliminating the Na+ variables.
The dynamics of this system can be explored using phase-plane analysis
as illustrated in Fig. 6 for an excitable regime. Exploting the fact that
the K+ dynamics is much slower than the voltage dynamics, one can
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Figure 6: Deterministic phase
plane dynamics. Thick curves
show the nullclines: v̇ = 0 as
grey and ẇ = 0 as black. Black
stream lines represent determin-
istic trajectories. Green/blue
curves represent an action po-
tential trajectory in the limit of
slow w.

use a slow/fast analysis to investigate the initiation of an action potential
following a perturbing stimulus.

The deterministic ML model holds under the assumption that the
number of ion channels is very large, thus the ion channel activation can
be approximated by the average ionic currents. However, it is known
that channel noise does affect membrane potential fluctuations (and
thus neural function), and the number of persistent Na+ channels is on
the order of 103 34. In order to account for ion channel fluctuations,
we consider a stochastic version of the Morris-Lecar model 35, with
M K+ channels and N Na+ channels. Let m(t) denote the number of
open K+ channels and n(t) the number of open Na+ channels at time t.
Since it follows that the number of closed channels at time t is M−m
and N− n respectively, there is no need to also track the number of
closed channels. Then, for m(t) = m and n(t) = n, the voltage evolves
according to the PDMP

dv
dt

=
n
N

fNa(v)+
m
M

fK(v)−g(v). (3.7)

We assume that the state transitions of the ion channels are given by a
discrete Markov process with voltage-dependent transition rates:

C
βNa/ε



αNa(v)/ε

O, C
βK



αK (v)
O. (3.8)

The opening and closing of these channels is a birth-death process,
where n and m evolve according to

n→ n−1, ω−n = nβNa/ε ,
n→ n+ 1, ω+

n = (N−n)αNa(v)/ε ,
m→ m−1, ω−m = mβK ,
m→ m+ 1, ω+

m = (M−m)αK(v).

(3.9)

Furthermore, we assume that Na+ channels open and close much faster
than K+ channels by including the small dimensionless parameter ε .

Define p(v,n,m, t)dv = Prob[n(t) = n,m(t) = m;v ≤ v(t) ≤ v+
dv] at time t, given initial conditions v(0) = v0,m(0) =m0, and n(0) =
n0. Dropping explicit dependence on initial conditions, this probability
density will then satisfy the differential CK equation

∂ p
∂ t

= − ∂

∂v

( n
N

fNa(v)+
m
M

fK(v)−g(v)
)

p(v,n,m, t) (3.10)

+
1
ε

(
ω

+
n (v,n−1)p(v,n−1,m, t)+ω

−
n (v,n+ 1)p(v,n+ 1,m, t)

)
− 1

ε

(
ω

+
n (v,n)+ω

−
n (v,n)

)
p(v,n,m, t)

+ω
+
m (v,m−1)p(v,n,m−1, t)+ω

−
m (v,m+ 1)p(v,n,m+ 1, t)

− (ω+
m (v,m)+ω

−
m (v,m))p(v,n,m, t).
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Figure 7: Plot of determinis-
tic potential Ψ(v) as a func-
tion of voltage v for different
values of the external stimu-
lus current Iext.

The first line on the right-hand side represents the piecewise determinis-
tic dynamics of v, whereas the remaining lines represent the stochastic
opening and closing of Na+ and K+ ion channels, respectively.

Almost all previous studies of ion channel fluctuations are based
on carrying out a system size expansion with respect to the number
of ion channels, thus reducing the dynamics to an effective Langevin
equation36. These studies also exploit a separation of timescales by
freezing the potassium dynamics (thus eliminating the m-variable) and
taking the sodium dynamics to be much faster than the voltage dynam-
ics. However, these various approximations can lead to exponentially
large errors in estimates for quantities such as the rate at which noise-
driven action potentials are generated in the excitable regime. This has
motivated recent work that deals directly with the CK equation (3.10).
For example, Keener and Newby37 consider the simplified problem of
how ion channel fluctuations affect the initiation of an action potential
due to the opening of a finite number of Na+ channels. The slow K+

channels are assumed to be frozen, so that they effectively act as a
leak current, and each sodium channel is treated as a single activating
subunit. The variable m is thus fixed so the potassium current can be
absorbed into the function g(v) of equation (3.7). Similarly, the CK
equation (3.10) reduces to

∂ p
∂ t

= − ∂

∂v

( n
N

fNa(v)−g(v)
)

p(v,n, t) (3.11)

+
1
ε

(
ω

+
n (v,n−1)p(v,n−1, t)+ω

−
n (v,n+ 1)p(v,n+ 1, t)

)
− 1

ε

(
ω

+
n (v,n)+ω

−
n (v,n)

)
p(v,n, t).

In the fast switching limit ε → 0, we obtain the deterministic rate
equation

dv
dt

= a(v) f (v)−g(v) ≡−dΨ
dv

, (3.12)

with

a(v) =
αNa(v)

αNa(v)+βNa(v)
.

We have introduced the effective potential Ψ(v) whose minima and
maxima correspond to stable and unstable fixed points of the mean-field
equation. By plotting the potential Ψ, it is straightforward to show that
equation (3.12) exhibits bistability for a range of stimuli Iext. That is,
there exist two stable fixed points v± separated by an unstable fixed
point v∗, see Fig. 7. The problem of the spontaneous initiation of an
action potential for small but finite ε thus reduces to an escape problem
for an SHS (see section 4.5).
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Figure 8: A gene randomly
switches between an on-state
and an off-state at rates k±. In
the on-state proteins are pro-
duced at a rate r and degrade
at a rate γ .

39 Bose04

3.2 Two-state gene regulatory network

As our second example of an SHS, consdider the simple gene regulatory
network shown in Fig. 8. This consists of a gene that can be in either an
active or inactive state. In the active state the gene produces protein X at
a rate σ , which subsequently degrades at a rate γ , whereas no protein is
produced when the gene is inactive. For simplicity, we do not explicitly
keep track of the amount of mRNA, that is, we lump together the stages
of transcription and translation. The resulting reaction scheme is thus

I
k+


k−

A σ−→ X
γ−→ /0,

where A and I denote the active and inactive states of the gene. Suppose
that the number of X proteins is sufficiently large so the dynamics can
be expressed in terms of a continuous-valued protein concentration x
38. The latter then evolves according to the (piecewise) deterministic
equation

dx
dt

= Fn(x) ≡ σn(t)− γx, (3.13)

where the discrete random variable n(t) represents the current state of
the gene with n(t) = 1 (active) or n(t) = 0 (inactive). Equation (3.13)
is a simple example of a PDMP whose corresponding CK equation is

∂ p0

∂ t
= − ∂

∂x
(−γxp0(x, t))+ k−p1(x, t)− k+p0(x, t) (3.14a)

∂ p1

∂ t
= − ∂

∂x
([γ− γx]p1(x, t))+ k+p0(x, t)− k−p1(x, t), (3.14b)

The CK equation is supplemented by the no-flux boundary conditions
J(x, t) = 0 at x = 0,σ/γ , where J(x, t) = F0(x)p0(x, t)+F1(x)p1(x, t).
That is, p1(0, t) = 0 and p0(σ/γ , t) = 0. In the limit that the switching
between active and inactive states is much faster than the protein dy-
namics, the probability that the gene is active rapidly converges to the
steady-state k+/(k++ k−), and we obtain the deterministic equation

dx
dt

= σ〈n〉− γx =
σk+

k++ k−
− γx. (3.15)

The long-time behavior of the system can be characterized in terms
of the steady-state solution39, which satisfies

d
dx

(−γxp0(x)) = k−p1(x)− k+p0(x) (3.16a)

d
dx

([σ − γx]p1(x)) = k+p0(x)− k−p1(x). (3.16b)
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Figure 9: Sketch of steady-
state protein density p(x) for
a simple regulated network in
which the promoter transitions
between an active and inactive
state at rates k±. (a) Case
k±/γ > 1: there is a graded
density that is biased towards
x = 0,1 depending on the ra-
tio k+/k−. (b) Case k±/γ < 1:
there is a binary density that is
concentrated around x = 0,1 de-
pending on the ratio k+/k−

The no-flux boundary conditions imply that p0(r/γ) = 0 and p1(0) = 0.
First, note that we can take x ∈ [0,r/γ ] and impose the normalization
condition ∫ r/γ

0
[p0(x)+ p1(x)]dx = 1.

Integrating equations (3.16a) and (3.16b) with respect to x then leads to
the constraints∫ r/γ

0
p0(x)dx =

k−
k−+ k+

,
∫ r/γ

0
p1(x)dx =

k+
k−+ k+

.

Adding equations (3.16a) and (3.16b) we can solve for p0(x) in terms
of p1(x) and then generate a closed differential equation for p1(x), see
the derivation of equation (2.14). We thus obtain a solution of the form

p0(x) =C (γx)−1+k+/γ (r− γx)k−/γ ,

p1(x) =C (γx)k+/γ (r− γx)−1+k−/γ (3.17)

for some constant C. Imposing the normalization conditions, then
determines C as

C = γ

[
r(k++k−)/γ B(k+/γ ,k−/γ)

]−1
,

where B(α ,β ) is the Beta function:

B(α ,β ) =
∫ 1

0
tα−1(1− t)β−1dt.

Finally, setting r/γ = 1, the total probability density p(x) = p0(x)+
p1(x) is given by 40

p(x) =
xk+/γ−1(1− x)k−/γ−1

B(k+/γ ,k−/γ)
. (3.18)

The steady-state density p(x) for various values of K± = k±/γ is
sketched in Fig. 9. When the switching rates k±between the active and
inactive gene states are faster than the rate of degradation γ then the
steady-state density is unimodal (graded). On the other hand, if the
rate of degradation is faster then the density tends to be concentrated
around x = 0 or x = 1, consistent with a binary process. This suggests
that if switching between promoter states is much slower than other
processes then one can have a transcriptional contribution to protein
bursting. Slow switching is more likely to occur in eukaryotic rather
than prokaryotic gene expression. That is, the presence of nucleosomes
and the packing of DNA-nucleosome complexes into chromatin tends
to render promotors inaccessible to the transcriptional machinery in
eukaryotic cells, thus slowing down transitions between active and
repressed promotor states.
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Autoregulation and bistability

Now suppose that we include autoregulatory feedback along the lines
of Fig. 4 such that the feedback modifies the switching between active
and inactive states of the gene, see Fig. 10. More specifically, the
transitions between the on and off states of the gene are now given by

(off)
α(x)



β (x)
(on) α(x) = α0x2, β (x) = β0, (3.19)

with α0/β0 = κ and x = n/N the (number) concentration of proteins.
Here N is a characteristic number of proteins, say, and acts as a dimen-
sionless system-size parameter. Let Pl(n, t) be the probability that there
are n proteins and the gene is in state l at time t. We then have the pair
of equations

dP0(n, t)
dt

= L0P0(n, t)−α(n/N)P0(n, t)+β0P1(n, t) (3.20a)

dP1(n, t)
dt

= L1P1(n, t)+α(n/N)P0(n, t)−β0P1(n, t) (3.20b)

where

Ll [ f (n)] = N(lσ +σ0)[( f (n−1)− f (n)]

+ γ [(n+ 1) f (n+ 1)−n f (n)].

(For the sake of generality, we also include a background rate of protein
production σ0.) Equations (3.20a) and (3.20b) can either be viewed
as a master equation for the discrete variables (l,n) or as a Chapman-
Kolmogorov equation for the discrete variables n that evolves in a
switching environment labeled by l = 0,1. Finally, we rescale the
transition rates according to α ,β → α/ε ,β /ε .

We will consider separately the two limiting cases ε → 0 (adiabatic
limit) and N→∞ (thermodynamic limit). Note, however, that one could
analyze the more general model by combining the two cases 41. In the
limit ε → 0 for fixed N, we have Ps(n, t) = ρs(n/N)P(n, t), where

ρ0(x) =
β0

α(x)+β0
= 1−ρ1(x),

and P(n, t) evolves according to the birth-death master equation (see
section 1.1)

dP(n, t)
dt

= ω+(n−1)P(n−1, t)+ω−(n+ 1)P(n+ 1, t)

− [ω+(n)+ω−(n)]P(n, t). (3.21)
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The transition rates are

ω+(n) = NF(n/N), ω−(n) = n, (3.22)

with
F(x) = ∑

l=0,1
ρl(x)(lσ +σ0). (3.23)

The units of time are fixed by setting the protein degradation rate to
unity γ = 1. On the other hand, in the limit N→∞ for fixed ε , we obtain
a stochastic hybrid system evolving according to the CK equation

∂ pl(x, t)
∂ t

≡Lpl(x, t) = −∂Fl(x)pl(x, t)
∂x

+
1
ε

∑
m=0,1

Alm(x)pm(x, t),

(3.24)
where

A(x) =
( −α(x) β0

α(x) −β0

)
, Fl(x) = lσ +σ0− x

Note that if x(0) ∈ Σ = [0,σ ] then x(t) ∈ Σ for all t > 0 such that
F0(x) < 0 and F1(x) > 0. In the double limit N → ∞ and ε → 0,
irrespective of the order, we obtain the deterministic equation

ẋ = ∑
l=0,1

ρl(x)Fl(x) ≡−x+F(x). (3.25)

with

F(x) = σ0 +
σα0x2

α0x2 +β0
.

The deterministic system (3.25) can exhibit bistability with stable fixed
points x± separated by an unstable fixed point x∗, see Fig. 11.

3.3 Stochastic neural network

As our final example, we consider one approach to incorporating noise
into local populations of neurons, which explicitly makes a formal con-
nection with gene networks 42, and is an extension of the neural master
equation43. The basic idea is to partition a network of synaptically-
coupled spiking neurons into M homogeneous subpopulations labeled
α = 1, . . . ,M and to represent the output activity of the α-th population
in terms of the number Nα (t) of neurons that are currently firing, see
Fig. 12. The discrete stochastic variables Nα (t) are taken to evolve
according to a birth-death Markov process:

Nα (t)→ Nα (t)±1 : transition rate ω±, (3.26)
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The corresponding transition rates are

ω+ =
1
τa

F(Uα ), ω− =
nα

τa
, (3.27)

where F is a sigmoidal firing-rate function,

F(u) =
F0

1+ e−κ(u−θ )
, (3.28)

the time constant τa determines the relaxation rate of a local popu-
lation to the instantaneous firing rate, and Uα (t) is the net synaptic
current into population α . The latter evolves according to the piecewise
deterministic ODE

τ
dUα (t)

dt
= −Uα (t)+

M

∑
β=1

wαβ Nβ (t), (3.29)

where wαβ represents the effective strength or weight of synaptic con-
nections from population β to population α , and τ is a synaptic time
constant. We see that the resulting stochastic process defined by equa-
tions (3.26)–(3.29) is a PDMP at the population neuron level, just as
stochastic ion channels and gene networks provide examples at the
cellular level.

Denote the random state at time t by {(Uα (t),Nα (t));α = 1, . . . ,M}.
Introduce the corresponding probability density

Prob{Uα (t)∈ (uα ,uα +du),Nα (t) = nα ;α = 1, . . . ,M}= pn(u, t)du,
(3.30)

with n = (n1, . . . ,nM) and u = (u1, . . . ,uM). It follows from equa-
tions (3.26)–(3.29) that the probability density evolves according to the
Chapman-Kolmogorov (CK) equation 44

∂ pn

∂ t
+

1
τ

∑
α

∂ [Fn,α (u)pn(u, t)]
∂uα

=
1
τa

∑
α

[
(Eα −1) (ω−(nα )pn(u, t))+ (E−1

α −1) (ω+(uα )pn(u, t))
]

,

≡ 1
τa

∑
m

Anm(u)pm(u, t). (3.31)

with Eα the ladder operator acting on nα , see also equation (1.29), and

ω+(uα ) = F(uα ), ω−(nα ) = nα , Fn,α (u) = −uα +∑
β

wαβ nβ .

(3.32)
There are two time-scales in the CK equation (3.31), the synaptic

time constant τ and the time constant τa, which characterizes the re-
laxation rate of population activity. In the limit τa→ 0 for fixed τ , we
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obtain deterministic mean-field equations

τ
duα

dt
= ∑

n
Fn,α (u)ρn(u) = −uα +

M

∑
β=1

wαβ ∑
n

nβ ρ
∗
n(u), (3.33)

where ρn(u) is the stationary distribution of the birth-death Markov
process for fixed u,

∑
m

Anm(u)ρm(u) = 0.

It can be shown that ρn(u) is given by product of independent Poisson
processes with rates F(uα ),

ρn(u) =
M

∏
β=1

ρnβ
(uβ ), ρn(u) = e−F(u) F(u)n

n!
. (3.34)

It follows that
〈nβ 〉= F(uβ ), (3.35)

and (3.33) reduces to the standard voltage-based rate equation

τ
duα

dt
= −uα +

M

∑
β=1

wαβ F(uβ ). (3.36)

On the other hand, in the limit τ → 0 with τa > 0 fixed, we have
uα →∑β wαβ nβ , and we recover the neural birth-death master equation
of Buice-Chow-Cowan 45:

dPn(t)
dt

=
1
τa

∑
α

[
(Eα −1)

(
Ω−α (n)Pn(t)

)
+(E−1

α −1)
(
Ω+

α (n)Pn(t)
)]

,

with transition rates

Ω−α (n) = nα , Ω+
α (n) = F

(
∑
β

wαβ nα

)
.

Ignoring statistical correlations, the mean spiking activity xα = 〈nα〉
evolves according to the activity-based rate equation

τa
dxα

dt
= −xα +F

(
M

∑
β=1

wαβ xβ

)
. (3.37)

Bistabable neural networks

By analogy with gene regulatory networks, a single neural population
with positive synaptic feedback, or an EI pair of mutually coupled
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of bistability in a one-
population recurrent neural
network

E I

wAA

wBB

wBA

wAB
(a)

(b)

Figure 15: (a) E-I neural net-
work consisting of an exi-
tatory population (E) and
an inhibitory population (I).
(b) Planar dynamics. Red
curves show the x-nullclines,
and blue curves show the
y-nullcline. The red null-
cline through the saddle is
its stable manifold and acts
as the separatrix Σ between
the two stable fixed points.

neural populations, can exhibit bistability in the deterministic limit.
First, consider a single excitatory recurrent network (M = 1), see Fig.
13. The corresponding CK equation takes the form, with x = u,

∂ pn

∂ t
= −∂ [Fn(x)pn(x, t)]

∂x
+

1
ε

∑
m

Anm(x)pm(x, t) (3.38a)

with drift term Fn(x) = −x+wn and tridiagonal transition matrix

An,n−1(x) = F(x), Ann(x) = −F(x)−n, An,n+1(x) = n+ 1.
(3.38b)

We have set τ = 1 and τa/τ = ε � 1. The unique steady-state of the
birth-death process is the Poisson distribution,

ρn(x) =
[F(x)]ne−F(x)

n!
, (3.39)

In the limit ε → 0, we obtain the mean-field equation

dx
dt

=
∞

∑
n=0

Fn(x)ρn(x) = −x+wF(x) = −dΨ
dx

(3.40)

This equation is formally identical to the rate equation of the autoreg-
ulatory gene network considered in section 3.2, and can also exhibit
bistability. This is illustrated in Fig. 14 for a sigmoidal firing rate func-
tion. Bistability can also occur in the two-population E− I network
shown in Fig. 15. Setting x = uA and y = uB, the mean field equations
are

dx
dt

= −x+wAAF(x)−wABF(y) (3.41a)

dy
dt

= −y+wBAF(x)−wBBF(y), (3.41b)

Fig. 16 illustrates a formal connection between a stochastic EI neural
network and a stochastic gene network consisting of two genes that
produce two proteins XA and XB, which act as transcription factors of
the other gene.
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Figure 16: Comparison of mathematical structures for a pair of synaptically coupled
neural populations and a pair of mutually regulated genes. (a) In the neural case the
input synaptic current U is the piecewise deterministic continuous variable, whereas the
number of output spikes N is a discrete Markov process. The nonlinear sigmoid-like
function F appears in the transition rates of the discrete process. Population A can either
excite (wBA > 0) or inhibit (wBA < 0) population B, and vice versa. It is also possible to
have autofeedback with weight wAA. (b) In the genetic case, the output concentration X
of proteins is the piecewise deterministic continuous variable, whereas the state N of the
promoter (active or inactive) is a discrete Markov process. The nonlinear sigmoid-like
function F again appears in the transition rates of the discrete process. Proteins from
gene A can either activate or repress gene B and vice versa, depending on the precise
form of F . Proteins can also regulate their own gene (autoregulation).
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4. Metastability and the WKB approximation

In section 3 we described various examples of SHSs that in the fast
switching limit exhibit bistability. First, a gene regulatory network or a
neural network with nonlinear feedback can form a bistable switch46,
consisting of two stable states representing high and low levels of
activity. In the absence of noise, the particular state of the switch is
determined by initial conditions. On the other hand, when weak noise
is included, fluctuations can induce transitions between the metastable
states (the states that are stable fixed points in the deterministic limit).
Since the noise tends to be weak, transitions are rare events involving
large fluctuations that are in the tails of the underlying probability
density function. This means that estimates of mean transition times
and other statistical quantities can be sensitive to any approximations,
including the Gaussian approximation based on a system-size expansion
or quasi-steady-state approximation (see Sects. 1 and 2), and can
sometimes lead to exponentially large errors. Similar considerations
apply to the case of spontaneous action potential generation from the
resting state of an excitable neuron.

4.1 Metastability and large deviations in SDEs

The analysis of metastability has a long history 47, particularly within
the context of SDEs with weak noise. The underlying idea is that
the mean rate to transition from a metastable state in the weak noise
limit can be identified with the principal eigenvalue of the generator of
the underlying stochastic process, which is a second-order differential
operator in the case of a Fokker-Planck equation. Calculating the eigen-
value typically involves obtaining a Wentzel-Kramers–Brillouin (WKB)
approximation of a quasistationary solution and then using singular
perturbation theory to match the solution to an absorbing boundary
condition 48. The latter is defined on the boundary that marks the region
beyond which the system rapidly relaxes to another metastable state,
becomes extinct, or escapes to infinity. In one-dimensional systems
(d = 1), this boundary is simply an unstable fixed point, whereas in
higher-dimensions (d > 1) it is generically a (d−1)-submanifold. For
example, if d = 2 then the boundary is a closed curve, see Fig. 17. In
the weak noise limit, the most likely paths of escape through an absorb-
ing boundary are rare events, occurring in the tails of the associated
functional probability distribution. From a mathematical perspective,
the rigorous analysis of the tails of a distribution is known as large
deviation theory 49, which provides a rigorous probabilistic framework
for interpreting the WKB solution in terms of optimal fluctuational
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paths.

Large deviation theory

Let us begin with a simple motivating example of large deviations 50.
Consider the sum (sample mean)

Sn =
1
n

n

∑
i=1

Xi,

where X1,X2, . . . is an i.i.d. sequence of random variables generating
from the probability density P(X) with X ∈R. The joint probability
density function (pdf) is

P(X1, . . . ,Xn) =
n

∏
j=1

P(X j).

The corresponding pdf of the sum Sn is obtained as follows:

Pn(s) = P[Sn = s] =
∫

∞

−∞

dx1 . . .
∫

∞

−∞

dxnδ (
n

∑
i=1

xi−ns)P(x1, . . . ,xn).

(4.1)
Introducing the Fourier representation of the Dirac delta function,
δ (x) =

∫
∞

−∞
eikxdk/2π , and using the product decomposition of the

joint pdf,

Pn(s) =
∫

∞

−∞

dk
2π

e−ikns
n

∏
j=1

(∫
∞

−∞

eikx j P(x j)dx j

)
=
∫

∞

−∞

P̃(k)ne−ikns dk
2π

In the case of a Gaussian pdf with mean µ and variance σ2,

P̃(k) = eikµ e−σ2k2/2,

and in the case of an exponential pdf on [0,∞) with mean µ ,

P̃(k) =
µ

1− iµk
.

Substituting into the integral expression for Pn(s) then gives

Pn(s) =
∫

∞

−∞

eikn(µ−s)e−nσ2k2/2 dk
2π

=
1√

2πnσ2
e−n(µ−s)2/2σ2
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for the Gaussian, and

Pn(s) =
∫

∞

−∞

e−ikns
(

µ

1− iµk

)n dk
2π

=
µn

µ

∮ e−izns/µ

[1− iz]n
dz
2π

=
µn−1

(n−1)!

(−ns
µ

)n−1

e−ns/µ

=
nn−1

(n−1)!

(
s
µ

)n

e−ns/µ .

We have closed the contour in the lower-half complex z-plane and used
the following residue theorem for an analytic function f (z):

f (n−1)(z0) =
1

(n−1)!

∮ f (z)
(z− z0)n

dz
2πi

.

We now note that in both cases the leading order behavior in n for
large n can be expressed as

Pn(s) ≈ e−nI(s), (4.2)

where

I(s) =
(s−µ)2

2σ2 , s ∈R (4.3)

for the Gaussian pdf and

I(s) = −1
n
{(n−1) lnn− ln[(n−1)!]−n ln(s/µ)−ns/µ}

=
s
µ
−1− ln(s/µ), s≥ 0 (4.4)

for the exponential pdf (after applying Strirling’s formula). In both
cases I(s)≥ 0 and I(s) = 0 only when s = µ = E[X ]. Since the pdf of
Sn is normalized, it becomes more and more concentrated around s = µ

as n→ ∞, that is, Pn(s)→ δ (s−µ) in the large-n limit. The leading
order exponential form e−nI(s) found for the Gaussian and exponential
pdfs is the fundamental property of large deviation theory, which is
known as the large deviation principle or LDP. (An LDP should be
distinguished from the Central Limit Theorem, which is concerned with
the asymptotic properties of

√
n(Sn− µ).) It arises in a much wider

range of stochastic process then sums of i.i.d. random variables. We
will avoid the technical aspects of the rigorous formulation of the large
deviation principle. For our purposes, a random variable Sn or its pdf Pn

satisfies a large deviation principle (LDP) if the following limit exists:

lim
n→∞
− 1

n
ln[Pn(s)] = I(s), (4.5)
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with I(s) the so-called rate function. A more rigorous definition in-
volves probability measures on sets rather than in terms of pdfs, and
gives lower and upper bounds on these probabilities rather than a simple
limit 51. One of the main goals of large deviation theory is to identify
stochastic processes that satisfy an LDP, and to develop analytical (and
numerical) methods for determining the associated rate function.

Large deviation principle for an SDE.

Consider as an example the one-dimensional SDE with additive noise

dX(t) = F(X(t)+
√

εdW (t), X(0) = 0, (4.6)

with W (t) a Wiener process. We are interested in the pdf of random
paths {X(t), t ∈ [−τ ,0]} of duration τ in the limit where the noise
strength ε vanishes. Denote the pdf by the functional P[x]. The oc-
currence of an LDP in the low noise limit is a reflection of the fact
that random paths of the SDE should converge in probability to the
deterministic path given by the solution to the ODE

ẋ(t) = F(x(t)), x(−τ) = 0.

The path fluctuations away from the deterministic path are characterized
by a functional LDP of the Freidlin-Wentzel form 52

P[x] ≈ e−S[x]/ε , S[x] =
1
2

∫ 0

−τ

[ẋ(t)−F(x(t))]2dt, (4.7)

where the rate function S[x] is known as an action functional. (Here
the approximation sign means that we are only considering the leading-
order behavior and ignoring prefactors.) Note that the above LDP can
also be derived formally using Onsager-Machlup path-integrals 53.

If we are only interested in the pdf P(x,τ) of the state X(0) given
x(−τ) = xs, then a coarser-grained LDP can be derived of the from

p(x,τ) ≈ e−Φ(x,τ)/ε , Φ(x,τ) = inf
{x(t):x(−τ)=xs,x(0)=x}

S[x], (4.8)

with Φ identified as the so–called quasipotential. That is, in the limit
ε → 0 the pdf for X(0) given the initial condition X(−τ) = xs is ob-
tained by minimizing the action functional with respect to the set of all
trajectories from xs to x. In particular, if xs is a metastable state of the
system, then taking the limit τ→−∞ generates the steady-state density
(assuming it exists).

In order to show this, we introduce a Lagrangian L according to

S[x] =
∫ 0

−τ

L(x, ẋ)dt, L(x, ẋ) =
1
2
(ẋ−F(x))2. (4.9)
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The most probable path is the given by the solution to the Euler-
Lagrange equation

d
dt

∂L
∂ ẋ

=
∂L
∂x

. (4.10)

Substituting for L, we see that the most probable path satisfies

ẍ = F(x)F ′(x). (4.11)

Suppose that in the zero noise limit there is a globally attracting fixed
point xs such that F(xs) = 0. The steady-state solution of the corre-
sponding FP equation can be obtained by solving the Euler-Lagrange
equation with the conditions x(−∞) = xs and x(0) = x. Multiplying
both sides of equation (4.11) by ẋ and integrating with respect to t
shows that ẋ(t)2 = F(x(t))2 + constant. The initial condition implies
that the constant is zero and the end condition implies that the most
probable path satisfies ẋ = −F(x). It follows that the quasipotential is

Φ(x) = −2
∫ 0

−∞

F(x)ẋdt = 2
∫ 0

−∞

U ′(x)ẋdt = 2
∫ x

xs

U ′(x)dx = 2U(x).

where we have set F(x) = −U ′(x) with U(x) the potential of the
deterministic system. Hence, we obtain the expected result that the
stationary density is

p(x) ≈ e−2U(x)/ε .

In the case of a scalar SDE one can of course solve the steady-state
FP equation directly. The power of functional LDPs is that one can
extend the definition of the quasipotential to multivariate SDEs and to
nonlinear systems having multiple attractors. For example, consider the
multivariate SDE

dXi(t) = Fi(X)dt +
√

ε ∑
j

bi j(X)dWi(t), (4.12)

for i = 1, . . . ,d with Wi(t) a set of independent Wiener processes. The
associated LDP is given by 54 P[x] ≈ e−S[x] with action functional

S[x] =
1
2

∫ 0

−τ

d

∑
i, j=1

(ẋi(t)−Fi(x(t)))D−1
i j (ẋ j(t)−Fj(x(t)))dt, (4.13)

where D = bbtr is the diffusion matrix. Suppose that the underlying
deterministic system has multiple attracting fixed points xr,r = 1,2....
The quasipotential Φ(x) characterizing the stationary distribution (as-
suming it exists) is estimated as Φ(x) = minr Φr(x), where Φr(x) is
the quasipotential obtained by initiating paths at xr:

Φr(x) = inf
x(−∞)=xr ,x(0)=x

S[x].

Note that the minimum over r switches abruptly on a separatrix sepa-
rating the basins of attraction of the fixed points.
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Mean first passage times and the WKB method.

We now establish a connection between LDPs and the WKB method.
Consider the FP equation corresponding to the scalar SDE (4.6):

∂ p
∂ t

= −∂ [F(x)p(x, t)]
∂x

+
ε

2
∂ 2 p(x, t)

∂x2 ≡−∂J(x, t)
∂x

, (4.14)

where

J(x, t) = −ε

2
∂ p(x, t)

∂x0
p(x, t).

Suppose that the deterministic equation ẋ = F(x) has a stable fixed
point x−, F(x−) = 0, and a basin of attraction given by the interval Ω =
(0,x0); the point x0 corresponds to an unstable fixed point. For small
but finite ε the fluctuations about the steady state p(x) can induce rare
transitions out of the basin of attraction due to a metastable trajectory
crossing the point x0. Assume that the stochastic system is initially
at x− so that p(x,0) = δ (x− x−). In order to solve the first passage
time problem for escape from the basin of attraction of x−, we impose
an absorbing boundary condition at x0, p(x0, t) = 0, and a reflecting
boundary condition at x = 0. Let T denote the (stochastic) first passage
time for which the system first reaches x0, given that it started at x−. The
distribution of first passage times is related to the survival probability
that the system hasn’t yet reached x0:

S(t) ≡
∫

Ω
ρ(x, t)dx. (4.15)

That is, Prob{t > T}= S(t) and the first passage time density is

f (t) = −dS
dt

= −
∫

Ω

∂ p
∂ t

(x, t)dx. (4.16)

Substituting for ∂ p/∂ t using the FP equation (4.14) shows that

f (t) =
∫

Ω

∂J(x, t)
∂x

dx = J(x0, t) = −ε

2
∂ p(x0, t)

∂x
. (4.17)

We have used J(0, t) = 0 and ρ(x0, t) = 0. The first passage time
density can thus be interpreted as the probability flux J(x0, t) at the
absorbing boundary.

The first passage time problem in the weak noise limit (ε � 1) has
been well studied in the case of FP equations 55. One of the characteris-
tic features of the weak noise limit is that the flux through the absorbing
boundary is exponentially small. Let 〈T 〉 = ∫

∞

0 f (t)tdt denote the
mean first passage time (MFPT) to reach the absorbing boundary. Then
λ = 1/〈T 〉 ∼ e−C/ε for some constant C, which reflects the existence
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of an underlying LDP. In order to make this connection more explicit,
we consider the eigenfunction expansion

p(x, t) = ∑
r

Cre−λrt
φr(x), (4.18)

where (−λr,φr(x)) are an eigenpair of the linear operator

L = − ∂

∂x
F(x)+

ε

2
∂ 2

∂x2

appearing on the right-hand side of (4.14). That is,

Lφr(x) = −λrφr(x), (4.19)

together with the absorbing boundary conditions φr(x0) = 0. We also
assume that the eigenvalues λ

(r)
ε all have positive definite real parts and

the smallest eigenvalue λ
(0)
ε is real and simple, so that we can introduce

the ordering 0 < λ
(0)
ε < Re[λ (1)

ε ] ≤ Re[λ (2)
ε ] ≤ . . .. The exponentially

slow rate of escape through x0 in the weak-noise limit means that λ
(0)
ε

is exponentially small, λ
(0)
ε ∼ e−C/ε , whereas Re[λ (r)

ε ] is only weakly
dependent on ε for r ≥ 1. Under the above assumptions, we have the
quasistationary approximation for large t

p(x, t) ∼C0e−λ
(0)
ε t

φ
(0)
ε (x), (4.20)

and the FPT density takes the form f (t) ∼ λ
(0)
ε e−λ

(0)
ε t with 1/λ

(0)
ε

identified as the MFPT and

λ
(0)
ε =

J0(x0)∫
Ω φ0(x)dx

, J0(x) = −
ε

2
∂φ

(0)
ε

∂x
. (4.21)

The calculation of the principle eigenvalue λ0 consists of two major
components 56: (i) a WKB approximation of the quasistationary state,
which also provides an alternative method for deriving the quasipoten-
tial of large-deviation theory, and (ii) the use of matched asymptotics
in order to match the outer quasistationary solution with an inner solu-
tion within a boundary layer around x0 so that the absorbing boundary
condition is satisfied. The first step involves seeking a quasistationary
solution of the WKB form

φ
(0)
ε (x) ∼ K(x;ε)e−Φ(x)/ε , (4.22)

with K(x;ε) ∼ ∑
∞
m=0 εmKm(x). Substitute equation (4.22) into the

eigenvalue equation Lφ
(0)
ε (x) =−λ

(0)
ε φ

(0)
ε (x) and Taylor expand with
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respect to ε using the fact that λ
(0)
ε is exponentially small. Collecting

the O(1) terms gives

1
2

(
∂ Φ(x)

∂x

)2

+F(x)
∂ Φ(x)

∂x
= 0. (4.23)

Similarly, collecting O(ε) terms yields the following equation for the
leading contribution K0 to the pre factor:[

∂ Φ
∂x

+F(x)
]

∂K0

∂x
= −

[
F ′(x)+

1
2

∂ 2Φ(x)
∂x2

]
K0(x). (4.24)

The latter either has the solution

K0(x) =
C0

F(x)+Φ′(x)
, (4.25)

along non-optimal paths and K0 = constant along optimal paths. Equa-
tion (4.23) has the form of a Hamilton-Jacobi (HJ) equation for a
classical Newtonian particle. That is, introducing the time-independent
Hamiltonian

H(x,q) =
q2

2
+F(x)q, (4.26)

we see that equation (4.23) can be rewritten as the “zero-energy” HJ
equation

H(x,Φ′(x)) = 0. (4.27)

The HJ structure suggests a classical-mechanical interpretation, in
which the Hamiltonian H describes the motion of a “fictitious” parti-
cle with position x and conjugate momentum q evolving according to
Hamilton’s equations

ẋ =
∂H
∂q

= q+F(x) (4.28a)

q̇ = −∂H
∂x

= −qF ′(x). (4.28b)

The Hamiltonian is related to a classical Lagrangian L(x, ẋ) according
to the Legendre transformation

H(x, p) = pẋ−L(x, ẋ), p =
∂L
∂ ẋ

. (4.29)

It follows that we recover the Lagrangian of equation (4.9). Moreover,
from the least action principle of classical mechanics, we can identify
Φ(x) as the quasipotential of large deviation theory, see equation (4.8).
Note that Φ(x) is determined along a zero energy trajectory, since
we are interested in the quasistationary density, and thus should take
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τ →−∞ and xs to be the fixed point x−. Since q = Φ′(x) along this
trajectory, it follows that the quasipotential can be computed from

Φ(x) =
∫ x

x−
q(y)dy. (4.30)

We now need to match the outer quasistationary solution with an
appropriate inner solution Π(x) in a neighborhood of the point x = x0.
This is necessary since the quasistationary solution does not satisfy the
absorbing boundary condition at x0. There are a number of different
ways of carrying out the matched asymptotics 57. Here we will proceed
by fixing the probability flux J0 through x0 and carrying out a diffusion
approximation of the inner solution. Introducing stretched coordinates
y = (x− x0)/

√
ε , the inner solution Π(y) satisfies the stationary FP

equation for constant flux, that is,

J0 = F(x0 +
√

εy)Π(y)−
√

ε

2
∂ Π(y)

∂y
, (4.31)

which yields the solution

Π(y) =
2J0√

ε
e−Φ(x0+

√
εy)/ε

∫
∞

y
eΦ(x0+

√
εy′)/ε dy′.

with 2F(x) = −Φ′(x). Taylor expanding the potential to second order
in ε1/2y and reintroducing unstreteched coordinates gives the inner
solution φi(x) = ε−1/2Π(x/

√
ε),

φi(x) =
2J0

ε
e(x−x0)

2/σ2
∫

∞

x
e−(x

′−x0)
2/σ2

dx′, (4.32)

where σ =
√

2ε/|Φ′′(x0)| determines the size of the boundary layer
around x0. In order to match with the outer solution we note that for
x0− x� σ we can take the lower limit in the integral to be −∞ and
evaluate the resulting Gaussian integral:

φi(x) =
2J0σ

√
π

ε
e(x−x0)

2/σ2
(4.33)

Similarly, Taylor expanding the outer solution about x0 and matching
shows that

J0 =
C0

2

√
ε|Φ′′(x0)|

2π
e−Φ(x0)/ε . (4.34)

Finally, using steepest descents we evaluate the normalization of the
outer solution:∫

Ω
φ
(0)
ε (x)dx≈C0

∫
∞

−∞

e−ε−1[Φ(x−)+Φ′′(x−)(x−x−)2/2] =C0

√
2πε

Φ′′(x0)
.

(4.35)
From equation (4.21), the mean transition rate is then

λ
(0)
ε =

1
4π

√
|Φ′′(x0)|Φ′′(x−)e−(Φ(x0)−Φ(x−))/ε . (4.36)
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Higher-dimensional SDEs.

Equation (4.36) will be recognized as the classical result for the inverse
MFPT obtained by solving a backwards FP equation58. However, the
point of using the more complicated analysis is that it can be generalized
to higher dimensions with multiplicative nose 59. The simplest case is
when the drift term is given by the gradient of a potential so that

dXi(t) = Fi(X)dt +
√

ε

n

∑
j=1

bi j(x)Wj(t), Fi(X) = −∇iV (X) (4.37)

for i = 1, . . . ,d with Wi(t) a set of independent Wiener processes. Sup-
pose that xs is a stable fixed point of the deterministic system, (a
minimum of the potential V (x)), and that the basin of attraction of the
fixed point consists of separatrices linking one or more saddle points
and unstable fixed points, see Fig. 17. Suppose that there exists an
optimal path that passes through a distinguished saddle xH . One can
then derive the classical Eyring formula

λ
(0)
ε =

|µ1(xH)|
2π

√
det(Z(xS))

|det(Z(xH)|
e−2(V (xH )−V (xS))/ε , (4.38)

where µ1(xH) is the single negative eigenvalue of Z(xH), where Z(x)
is the so-called Hessian matrix with components Zi j = ∂i∂ jV .

One of the major mathematical challenges is deriving a version of
the Eyring formula under more general conditions, including bound-
aries with multiple saddles and unstable fixed points, non-smooth gra-
dient systems, and non-gradient systems. Maier and Stein 60 have used
WKB methods and matched asymptotics to investigate two-dimensional
non-gradient systems with multiplicative noise. Now the physical po-
tential V is replaced by a quasipotential Φ/2 satisfying an HJ equation
H(x,∇Φ) = 0 with Hamiltonian

H(x,p) =
1
2 ∑

i, j
Di j(x)qiq j +

n

∑
i=1

Fi(x)qi, qi =
∂ Φ
∂xi

. (4.39)

They show that the Eyring formula breaks down unless the drift is lo-
cally given by a gradient potential around xH and |µs(xH)|/µu(xH)|>
1. (If these conditions do not hold then the Hessian matrix of the
quasipotential develops a discontinuity at xH so standard Gaussian ap-
proximations of the inner solution break down). Here µs and µu are
the negative and positive eigenvalues of the 2D Hessian matrix at xH .;
the only modification is that one has to determine the prefactor K0(xH),
since it is no longer a constant. The equation for the prefactor K0 now
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takes the form

K̇0 ≡
n

∑
i=1

∂H
∂qi

∂K0

∂xi
= −

[
∑

i

∂ 2H
∂qi∂xi

+
1
2 ∑

i, j

∂ 2Φ
∂xi∂x j

∂ 2H
∂qi∂q j

]
K0.

(4.40)
We have used the fact that along a trajectory x(t), K̇0(x(t)) = ẋ ·∇K0.
Hence, K0 can be determined numerically by integrating along trajec-
tories originating from a neighborhood of the fixed point xS, provided
that the Hessian Z of Φ is known. It turns out that the Hessian also
satisfies an evolution equation. That is, differentiating the HJ equation
twice using(

∂

∂xi
+∑

k

∂qk

∂xi

∂

∂qk

)(
∂

∂x j
+∑

k

∂qk

∂x j

∂

∂qk

)
H = 0,

we find that 61

Żi j = −∑
k,l

∂ 2H
∂qk∂ql

ZikZ jl−∑
k

∂ 2H
∂x j∂qk

Zik−∑
k

∂ 2H
∂xi∂qk

Z jk−
∂ 2H

∂xi∂x j
.

(4.41)
Thus one can proceed numerically by simultaneously integrating Hamil-
ton’s equations together with equations (4.40) and (4.41).

One of the features of higher-dimensional escape problems is that
there tends to be a distribution of fluctuational paths from a metastable
state to the boundary of its basin of attraction, see Fig. 17. Following
Chan et al. 62, one can define a switching path-distribution that gives
the probability density of passing a given point in state space during
switching. In certain cases it can be shown both theoretically and exper-
imentally that the switching-path distribution consists of a narrow ridge
in state space whose cross-section is Gaussian except in a neighborhood
of the metastable state. The maximum of the ridge lies along the most
probable switching path that is obtained from large deviation theory.

4.2 Metastability in stochastic hybrid systems

The analysis of metastability in chemical master equations has been
developed along analogous lines to SDEs, combining WKB methods
and large deviation principles63 with path-integral or operator methods
64. The study of metastability in stochastic hybrid systems (SHS) is
more recent, and much of the theory has been developed in a series of
papers on stochastic ion channels 65, gene networks 66 and stochastic
neural networks 67. Again there is a strong connection between WKB
methods, large deviation principles 68 and formal path-integral methods
69, although the connection is now more subtle. Given that one can
often approximate a chemical master equation or a PDMP using an
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FP equation (see sections 1 and 2), one might be inclined to estimate
the MFPT to escape from a metastable state using the results outlined
above. However, it is clear from the Arrhenius-like formula (4.36) that
the escape rate is sensitive to the precise form of the quasipotential
Φ. That is, since a diffusion approximation of a master equation or
PDMP leads to an approximation of the corresponding quasipotential,
this can lead to exponentially large errors in estimates of the escape rate.
Hence, it is often necessary to apply WKB methods and large deviation
principles directly to the underlying master equation or CK equation.

Let us return to the CK equation (2.6) and assume that in the fast
switching limit ε → 0, the mean-field equation (2.7) is bistable with
fixed points x±,x0. In section 3 we presented various examples of
bistability in gene and neural networks. In order to calculate the mean
transition time for escape from the metastable state x−, we supplement
the CK equation (2.6) by an absorbing boundary condition at x = x0.
The initial condition is taken to be pn(x,0) = δ (x− x−)δn,n0 . Let T
denote the (stochastic) first passage time for which the system first
reaches x0, given that it started at x−. The distribution of first passage
times f (t) is related to the survival probability that the system hasn’t
yet reached x0:

S(t) =
∫

Σ
∑
n∈Γ

pn(x, t)dx. (4.42)

That is, Prob{t > T}= S(t) and the first passage time density f (t) =
dS/dt. Substituting for ∂ pn/∂ t using the CK equation (2.6) shows that

f (t) =
∫

Σ

[
∑
n∈Γ

∂ [Fn(x)pn(x, t)]
∂x

]
dx = ∑

n∈Γ
pn(x0, t)Fn(x0), (4.43)

with Γ = {0,1} for the two-state model. We have used ∑n∈Γ Anm(x) = 0
and limx→−∞ Fn(x)pn(x, t) = 0.

As in the case of SDEs, we can identify the mean transition rate
with the principal eigenvalue λ

(0)
ε of the CK operator on the right-hand

side of equation (2.6), assuming λ
(0)
ε exists and is exponentially small.

We can then make the quasistationary approximation

pn(x, t) ∼C0e−λ
(0)
ε t

φ
(0)
ε (x,n). (4.44)

Substituting such an approximation into equation (4.43) gives

f (t) ∼C0e−λ
(0)
ε t

∑
n∈Γ

Fn(x0)φ
(0)
ε (x,n). (4.45)

and thus

λ
(0)
ε =

∑n∈Γ Fn(x0)φ
(0)
ε (x0,n)

∑n
∫

Σ φ
(0)
ε (x,n)dx

. (4.46)
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Proceeding along analogous lines to SDEs, we seek a WKB approx-
imation of the quasistationary solution of the form

φ
(0)
ε (x,n) ∼ Zn(x)exp

(
−Φ(x)

ε

)
, (4.47)

where Φ(x) is the WKB quasipotential. Substituting into the time-
independent version of equation (3.24) yields

∑
m
(Anm(x)+Φ′(x)δn,mFm(x))Zm(x) = ε

dFn(x)Zn(x)
dx

, (4.48)

where Φ′ = dΦ/dx. Introducing the asymptotic expansions Φ ∼Φ0 +
εΦ1 and Z ∼ Z(0)+ εZ(1), the leading order equation is

∑
m∈Γ

Anm(x)Z
(0)
m (x)+Φ′0(x)Fn(x)Z

(0)
n (x) = 0. (4.49)

(Since the prefactor is a component of a vector, we separately expand
Φ and Z(0).) Positivity of the quasistationary density φ

(0)
ε requires

positivity of the corresponding solution Z(0). One positive solution is
the trivial solution Z(0)(x) = ρ(x) for all x ∈ Σ, where ρ is the unique
right eigenvector of A, for which Φ′0 = 0. Establishing the existence of
a non-trivial positive solution requires more work and is related to the
fact that the connection of the WKB solution to optimal fluctuational
paths and large deviation principles is less direct in the case of stochastic
hybrid systems.

It turns out that one has to consider the eigenvalue problem70,

∑
m∈Γ

[Anm(x)+ qδn,mFm(x)]Rm(x,q) = Λ(x,q)Rn(x,q). (4.50)

Assuming that A(x) is irreducible for all x, one can use the Perron-
Frobenius theorem to show that for fixed (x,q) there exists a unique
eigenvalue Λ0(x,q) with a positive eigenvector R(0)

n (x,q). The optimal
fluctuational paths are obtained by identifying the Perron eigenvalue
Λ0(x,q) as a Hamiltonian and finding zero energy solutions to Hamil-
ton’s equations

ẋ =
∂H
∂q

, q̇ = −∂H
∂x

, H(x,q) = Λ0(x,q). (4.51)

This can be established using large deviation theory or path-integrals.
In the latter case one can show that a path-integral representation of the
density p(x,τ) is

p(x,τ) =

x(τ)=x∫
x(0)=x0

exp
(
−1

ε

∫
τ

0
[qẋ−Λ0(x,q)]dt

)
D [q]D [x]
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Applying steepest descents to the path integral then yields a variational
principle in which optimal paths minimize the action

S[x,q] =
∫

τ

0
[qẋ−Λ0(x,q)]dt.

Comparison of equation (4.49) with equation (4.50) then shows that
there exists a nontrivial positive solution of equation (4.49) given by
Z(0)

n (x) = R(0))
n (x,q) with q = Φ′0(x) and Φ0 satisfies the correspond-

ing HJ equation

Λ0(x,Φ′0(x)) = 0. (4.52)

Note that since Φ′0(x) vanishes at x = x0 it follows that Z(0)(x0) =
ρ(x0), and similarly for the other fixed points. Deterministic mean field
equations and optimal paths of escape from a metastable state both
correspond to zero energy solutions. Along zero energy paths

S[x,q] ≡
∫

τ

−∞

[qẋ−Λ0(x,q)]dt =
∫

τ

−∞

Φ′0(x)ẋdt =
∫ x

xs

Φ′0(x)dx.

Calculation of principal eigenvalue.

In order to calculate the principal eigenvalue, we have to determine
the first order correction Φ1 to the quasipotential of the WKB solution
(4.47). Proceeding to the next order in the asymptotic expansion of
equation (4.48), we have

∑
m
(Anm(x)+Φ′0(x)δn,mFn(x))Z(1)

m (x)

=
dFn(x)Z

(0)
n (x)

dx
−Φ′1(x)Fn(x))Z

(0)
n (x). (4.53)

For fixed x and WKB potential Φ0, the matrix operator Ānm(x) =
Anm(x) +Φ′0(x)δn,mFm(x) on the left-hand side of this equation has
a one-dimensional null space spanned by the positive WKB solution
Z(0)(x). The Fredholm alternative theorem (see section 2.2) then im-
plies that the right-hand side of (4.53) is orthogonal to the left null
vector S of Ā. That is, we have the solvability condition

∑
n∈Γ

Sn(x)

[
dFn(x)Z

(0)
n (x)

dx
−Φ′1(x)Fn(x)Z

(0)
n (x)

]
= 0,

with S satisfying

∑
n∈Γ

Sn(x) (Anm(x)+Φ′0(x)δn,mFm(x)) = 0. (4.54)
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Given Z(0),S and Φ0, the solvability condition yields the following
equation for Φ1:

Φ′1(x) =
∑n∈Γ Sn(x)[Fn(x)Z

(0)
n (x)]′

∑n∈Γ Sn(x)Fn(x)Z
(0)
n (x)

. (4.55)

Combining the various results, and defining

k(x) = exp (−Φ1(x)) , (4.56)

gives to leading order in ε ,

φ
(0)
ε (x,n) ∼N k(x)exp

(
−Φ0(x)

ε

)
Z(0)

n (x), (4.57)

where we choose ∑n Z(0)
n (x) = 1 for all x and N is the normalization

factor,

N =

[∫
Σ

k(x)exp
(
−Φ0(x)

ε

)]−1

.

The latter can be approximated using Laplace’s method to give

N ∼ 1
k(x−)

√
|Φ′′0(x−)|

2πε
exp
(

Φ0(x−)
ε

)
. (4.58)

The final step is to use singular perturbation theory to match the outer
quasistationary solution to the absorbing boundary condition at x0. The
analysis is quite involved71, so here we simply quote the result for the
1D model:

λ0 ∼
1
π

k(x0)D(x0)

k(x−)

√
Φ′′0(x−)|Φ′′0(x0)|e−

Φ0(x0)−Φ0(x−)
ε . (4.59)

with D(x) the effective diffusion coefficient (2.18) obtained using a
QSS reduction.

Two-state model.

We now illustrate the above theory for the simple two-state autoregu-
latory network of equation (3.24). The specific version of the linear
equation (4.50) can be written as the two-dimensional system( −α(x)+ qF0(x) β0

α(x) −β0 + qF1(x)

)(
R0

R1

)
= Λ

(
R0

R1

)
.

(4.60)
The corresponding characteristic equation is

0 = Λ2 +Λ[α(x)+β0−q(F0(x)+F1(x))]

+ (qF1(x)−β0)(qF0(x)−α(x))−β0α(x).
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It follows that the Perron eigenvalue is given by

Λ0(x,q) =
1
2

[
Σ(x,q)−

√
Σ(x,q)2−4h(x,q)

]
(4.61)

where
Σ(x,q) = q(F0(x)+F1(x))− [α(x)+β0],

and
h(x,q) = q2F1(x)F0(x)−q[β0F0(x)+α(x)F1(x)].

A little algebra shows that

D(x,q) ≡ Σ(x,q)2−4h(x,q)

= [q(F0−F1)− (α(x)−β0)]
2 +α(x)β0 > 0

so that as expected Λ0 is real. The quasipotential Φ0(x) satisfies the HJ
equation Λ0(x,q) = 0 with q = Φ′0(x), which reduces to the condition

h(x,Φ′0(x)) = 0. (4.62)

This has two solutions: the classical deterministic solution q = 0 with
Φ′0(x) = 0 and a non-trivial solution whose quasipotential satisfies

Φ′0(x) =
β0

F1(x)
+

α(x)
F0(x)

. (4.63)

(Note that Fn(x) does not vanish anywhere and F0(x)F1(x) < 0.) The
quasipotential can be determined by numerically integrating with re-
spect to x. The resulting quasipotential differs significantly from the
one obtained by carrying out a QSS diffusion approximation of the
stochastic hybrid system along the lines outlined in section 2.272.

For this simple model, it is also straightforward to determine the
various prefactors in equation (4.59). For example, the normalized
positive eigenvector Z(0) has components

Z(0)
0 =

F1(x)
F1(x)−F0(x)

, Z(0)
1 =

−F0(x)
F1(x)−F0(x)

.

Since F0(x) < 0 and F1(x) > 0 for 0 < x < σ , it follows from equation
(4.63) that Z(0)

0 is positive. The components of the adjoint eigenvector
S satisfy

S1

S0
=
−α +Φ′0(x)F0(x)

α
=
−β +Φ′0(x)F1(x)

β
.

It then follows from equation (4.55) that the first correction to the
quasipotential satisfies

Φ′1(x) =
1

F0(x)F1(x)
d
dx

(F0(x)F1(x)). (4.64)
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Hence

k(x) ≡ e−Φ1(x) =
1

|F0(x)|F1(x)
. (4.65)

Finally, D(x0) is given by equation (2.21).

4.3 Metastability in a stochastic ion channel model

Recall from section 3.1 that the rate of initiation of spontaneous ac-
tion potentials for small ε can be reformulated as a first passage time
problem, in which one calculates the rate of rare transitions from the
metastable resting state to the active state, see Fig. 7. The escape rate is
given by equation (4.59), and hence we have to determine the functions
Φ0(x),k(x) and D(x). For notational consistency we take x to represent
the membrane voltage.

In the case of the stochastic ion channel model, equation (4.50)
takes the explicit form

(N−n+ 1)αRn−1− [Λ0 + nβ +(N−n)α ]Rn

+(n+ 1)βRn+1 = −q
( n

N
f −g

)
Rn (4.66)

Consider the trial solution

Rn(x,q) =
Γ(x,q)n

(N−n)!n!
, (4.67)

which yields the following equation relating Γ and Λ0:

nα

Γ
+Γβ (N−n)−Λ0−nβ − (N−n)α = −q

( n
N

f −g
)

.

Collecting terms independent of n and terms linear in n yields the pair
of equations

q = − N
f (x)

(
1

Γ(x,q)
+ 1
)
(α(x)−β (x)Γ(x,q)) , (4.68)

and
Λ0(x,q) = −N(α(x)−Γ(x,q)β (x))−qg(x). (4.69)

Eliminating Γ from these equation gives

q =
1

f (x)

(
Nβ (x)

Λ0(x,q)+Nα(x)+ qg(x)
+ 1
)
(Λ0(x,q)+ qg(x))

This yields a quadratic equation for Λ0 of the form

Λ2
0 +σ(x)Λ0−h(x,q) = 0. (4.70)
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Figure 18: Phase portrait
of Hamilton’s equations
of motion for the ion
channel model with
Hamiltonian given by the
Perron eigenvalue (4.69).
(x and q are taken to be
dimensionless.) The zero
energy solution representing
the maximum likelihood
path of escape from x− is
shown as the gray curve.
(The corresponding path
from x+ is not shown.)
Parameter values are
VNa = 120 mV, VL =−62.3
mV, gNa = 4.4 mS/cm2,
gL = 2.2 mS/cm2, and
α(x) = β exp[(x− v1)/v2]
with β = 0.8 s−1,
v1 = −1.2mV , v2 = 18mv.
73 Keener11

with

σ(x) = (2g(x)− f (x))+N(α(x)+β (x)),

h(x,q) = q[−Nβ (x)g(x)+ (Nα(x)+ qg(x))( f (x)−g(x))].

Along the zero energy surface Λ0(x,q) = 0, we have h(x,q) = 0 which
yields the pair of solutions

q = 0 and q = Φ′0(x) ≡ N
α(x) f (x)− (α(x)+β )g(x)

g(x)( f (x)−g(x))
. (4.71)

The normalized eigenfunction for the nontrivial case is

Z(0)
n (x) =

N!
(N−n)!n!

( f (x)−g(x))N−ng(x)n

f (x)N . (4.72)

Note that Φ′0(x) vanishes at the fixed points x−,x0 of the mean-field
equation (3.12) with Φ′0(x) > 0 for 0 < x < x− and Φ′0(x) > 0 for
x− < x < x0. In Fig. 18 we show solutions to Hamilton’s equations
in the (x,q)-plane, highlighting the zero energy maximum likelihood
curve linking x− and x0. Note that NΦ(x0), where Φ(x0) is the area
enclosed by the heteroclinic connection from x− to x0, gives the leading
order contribution to logτ , where τ is the mean escape time.

The next step is to determine the null eigenfunction Sn(x) of equa-
tion (4.54), which becomes

(N−m)αSm+1− [(N−m)α +mβ ]Sm +mβSm−1

= µ

(m
N

f (x)−g(x)
)

Sm. (4.73)

Trying a solution of the form Sm(x) = Γ(x)m yields

(N−m)αΓ− ((N−m)α +mβ )+mβ Γ−1 = µ1

(m
N

f (x)−g(x)
)

.
(4.74)

Γ is then determined by canceling terms independent of m, which gives

ηn(x) =
(

b(x)g(x)
a(x)( f (x)−g(x)))

)n

. (4.75)

Finally, a QSS analysis of the CK equation yields

D(x0) =
f (x0)2α(x0)β

N(α(x0)+β )3 , (4.76)

where have used the fixed point condition g(x0) = f (x0)a(x0).
Keener and Newby73 calculated the MFPT (τ = 1/λ0) using equa-

tion (4.59) and showed that their results agreed very well with Monte-
Carlo simulations of the full system, whose probability density evolves
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according to the CK equation (3.11). A summary of their findings
is shown schematically in Fig. 19, together with the corresponding
MFPT obtained using a quasi-steady-state diffusion approximation of
(3.11). The main observation is that although the Gaussian-like diffu-
sion approximation does well in the superthreshold regime (Iext > I∗),
it deviates significantly from the full model results in the subthreshold
regime (Iext < I∗), where it overestimates the mean time to spike. This
is related to the fact that the effective potential of the steady-state den-
sity under the diffusion approximation generates exponentially large
errors in the MFPT.

We now indicate how to apply WKB methods to the full stochastic
version of the Morris-Lecar model introduced in section 3.1, and evolv-
ing according to the CK equation (3.10). Recall that the generation
of action potentials in the deterministic model can be analyzed using
a slow/fast analysis, since the dynamics of the recovery variable w
(representing the fraction of open K ion channels) is slow relative to
that of the membrane voltage x, see Fig. 6. In the analysis of membrane
voltage fluctuations above, it was assumed that the potassium channel
dynamics could be ignored during initiation of a spontaneous action
potential (SAP). This corresponds to keeping the recovery variable w
fixed. The resulting stochastic bistable model supported the genera-
tion of SAPs due to fluctuations in the opening and closing of fast Na
channels. However, it turns out that this slow/fast analysis breaks down
when the effects of K channel noise are included74. That is, it is possi-
ble to generate a SAP due to fluctuations causing several K channels to
close simultaneously, effectively decreasing w, and thereby causing v
to rise. It follows that keeping w fixed in the stochastic model excludes
the latter mechanism, and thus the resulting MFPT calculation underes-
timates the spontaneous rate of action potentials. In order to investigate
the above phenomenon, it is necessary to consider the full stochastic
ML model given by equation (3.10) with N sodium channels and M
potassium channels. An additional complication is that the full model
is an excitable rather than a bistable system, so it is not straightforward
to relate the generation of SAPs with a noise-induced escape problem.
Nevertheless, WKB methods can be used to identify the most probable
paths of escape from the resting state and obtained the following results,
which are illustrated in Fig. 20:

(i) Most probable paths of escape dip significantly below the resting
value for w, indicating a breakdown of the deterministic slow/fast
decomposition.

(ii) Escape trajectories all pass through a narrow region of state space
(bottleneck or stochastic saddle node) so that although there is no well-
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FIG. 3. Orange curves are SAP trajectories, shown only up to the point where they reach the metastable separatrix (S). The
dashed red curve is a SAP that crosses S near the metastable saddle (SN). The black streamlines are deterministic trajectories.
The SAP trajectories in the shaded region are close to deterministic trajectories. The blue shaded region represents a large
portion of the most probable SAP trajectories; its lower and upper boundary are SAP trajectories that cross S near SN. Also
shown are the caustic (C), v nullcline (VN), and w nullcline (WN). Parameters are the same as Fig. 2.
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FIG. 4. SAP trajectories for different values of M and N . Also shown (blue curves) are deterministic trajectories. We use
λM = 1/(εM) with ε = 0.1.

|∆Φ| /Φc ≈ 0.01.) That is, Φ̇(t)� 1 since SAP trajectories are close to deterministic trajectories (black streamlines).138

Hence, the stationary density (9) (after normalization) is nearly flat in the shaded region, and all the SAP trajectories139

in this region are nearly equally likely.140

The shaded region represents the most likely experimentally observable SAP trajectories; it excludes the small141

amplitude SAP trajectories that strike very close to the caustic formation point and the far less probable SAPs that142

reach the caustic above or behind the potential well region. The SAP trajectories that cover the shaded region cross143

a very small segment of the separatrix, the center of which acts much like a saddle point. We refer to this point as a144

metastable saddle. Most of the trajectories that cross the separatrix above the saddle are small amplitude SAPs that145

reach the caustic very close to the caustic formation point. Most of the trajectories that cross the separatrix bellow146

the saddle are large amplitude SAPs that are much less likely than those in the shaded region.147

Based on the fast/slow analysis of the deterministic system, one might expect w to be approximately constant along148

SAP trajectories if K+ channels open and close slowly. However, this expectation implies that the SAP trajectory149

is close to a time-reversed deterministic trajectory, which is correct only if the stationary density preserves detailed150

balance. Indeed, the behavior of w during a SAP depends strongly on how noisy the K+ channels are. Recall that151

K+ channel noise is controlled by M since w behaves deterministically in the limit M → ∞. In Fig. 4, several SAP152

trajectories are shown for different values ofM and N . Note that the position of the metastable separatrix and saddle153

(not shown) changes for each SAP shown in Fig. 4. If M is very large, w behaves deterministically and remains154

relatively constant during the SAP, and in this regime the fast/slow approximation might be valid. On the other155

hand, for most reasonable values of M (i.e., M ≈ N), the K+ conductance drops sharply so that v remains below the156

v̇ = 0 nullcline, and this is also true in the limit N →∞ where a SAP is driven entirely by K+ channel noise (dashed157

Figure 20: Most probable paths of escape from the resting state of the stochastic
ML model calculated using a WKB approximation. All paths of escape that
enter the shaded blue region represent large excursions in state space and
coincide with SAPs. All of the SAP trajectories are initially bunched together
(red dashed curve) until they cross the bottleneck or metastable saddle-node
(SN). Curves that don’t pass through SN are bounded by a curve (S) that acts
like a stochastic separatirix. Also shown are a caustic (C) where paths of escape
intersect, the v nullcline (VN), and the w nullcline (WN). The resting state is
surrounded by an effective “basin of attraction” bounded by C and S. Here
N = M = 40 and ε = 0.1. Other parameter values can be found in [Newby13].

defined separatrix for an excitable system, suggesting that it is possible
to formulate an escape problem by determining the mean first passage
time to reach the bottleneck from the resting state.

4.4 Metastability in stochastic hybrid neural networks

As a further illustration of the first passage time analysis, consider
the one population neural network model whose CK equation is given
by (3.38a) and whose corresponding mean field equation in the fast
switching limit is (3.40). We will assume that the network operates in a
bistable regime, see Fig. 14. Let us first calculate the quasi-potential
using the QSS diffusion approximation of section 2.2. Substituting
equations (3.38b) and (3.39) into equations (2.18) and (2.19), we find
that

Zn(x) = w(n−F(x))ρn(x),
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so that

D(x) = w∑
n
(n−F(x))(−x+wn)ρn(x)

= w[w〈n2〉− (x+wF(x))〈n〉+ xF(x)]

= w[w(F(x)+F(x)2)− (x+wF(x))F(x)+ xF(x)

= w2F(x). (4.77)

We have used the fact that the mean and variance of the Poisson distri-
bution (3.39) are both F(x). It follows from equation (1.19) that the FP
quasi-potential is

ΦFP(x) = −
∫ x V (y)

D(y)
dy = −

∫ u −y+wF(y)
w2F(y)

dy. (4.78)

As we now show, this differs significantly from the more accurate esti-
mate of the quasi-potential obtained from the path-integral formulation
of Sect 4.2. The latter shows there exists a Hamiltonian H that can
be identified with the Perron eigenvalue λ0(x,q), which is the unique
non-zero solution of the eigenvalue equation (4.50). Substituting the
explicit expressions for Fn(x) and A, we have R(0)

n (x,q) = ψn(x,q)
where

F(x)ψn−1(x,q)− [Λ0 +F(x)+ n)ψn(x,q)+ (n+ 1)ψn+1(x,q)

= −q(−x+wn)ψn(x,q)

Since the eigenvector associated with the Perron eigenvalue is positive,
we consider the trial solution

ψn(x,q) =
Γ(x,q)n

n!
, (4.79)

which yields the following equation relating Γ and q:[
F(x)

Γ
−1
]

n+Γ−F(x)−Λ0 = −q(−x+wn).

We now collect terms independent of n and linear in n, respectively, to
obtain the pair of equations

q = − 1
w

[
F(x)

Γ
−1
]

, Γ = F(x)+ qx+Λ0.

Eliminating Γ from these equation gives

H(x,q) ≡ Λ0(x,q) = qw
F(x)

1−wq
−qx, (4.80)
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Figure 21: Comparison of
the quasi-potentials Φ0(x) and
ΦFP(x) obtained using the qua-
sistationary approximation and
the QSS diffusion approxima-
tion, respectively. Function
F(x) is given by the sigmoid
(3.28). Parameter values are
chosen so that the determinis-
tic network is bistable: F0 = 2,
κ = 4, θ = 1, and w = 1.15.
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where we identify H as the Hamiltonian. It follows that the non-trivial
zero energy solution satisfies

q = Φ′0(x) ≡
1
w

[
1− wF(x)

x

]
. (4.81)

Finally, integrating along the zero energy solution determines the quasi-
potential:

Φ0(x) =
∫ x 1

w

[
1− wF(y)

y

]
dy. (4.82)

The quasi-potential Φ0(x) for the network operating in a bistable regime
is plotted in Fig. 21 and compared with the quasi–potential based on
the QSS diffusion approximation. It can be seen that they differ signifi-
cantly over a wide range of values of x, thus resulting in exponential
errors when calculating the MFPT to escape from a metastable state.

The above construction can be generalized to the case of a multi-
population model75. The Hamiltonian H(x,q) corresponds to the Per-
ron eigenvalue of the following linear equation (cf. equation (4.50))

∑
m

Anm(x)R
(0)
m (x,q) = [Λ0(x,q)−

M

∑
α=1

qα Fn,α (x)]R
(0)
n (x,q),

(4.83)

Equation (4.83) can be solved for the Perron eigenvalue using the ansatz

R(0)
n (x,q) =

M

∏
α=1

Γα (x,q)nα

nα !
. (4.84)

Substituting into equation (4.83) and using the explicit expressions for
A and Fn,α , we find that

M

∑
α=1

([
F(xα )

Γα

−1
]

nα +Γα −F(xα )

)
−λ0 (4.85)

= −
M

∑
α=1

qα

[
−xα +∑

β

wαβ nβ

]
.

Collecting terms in nα for each α yields

F(xα )

Γα

−1 = −
M

∑
β=1

qβ wβα , (4.86)

and collecting terms independent of all nα gives

Λ0 =
M

∑
α=1

[Γα −F(xα )− xα qα ] . (4.87)
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Solving for each Γα in terms of q, we have

Λ0(x,q) ≡
M

∑
α=1

[
F(xα )

1−∑
M
β=1 qβ wβα

− xα qα −F(xα )

]
, (4.88)

which we identify as the Hamiltonian H.
Suppose that the underlying deterministic system (3.36) has a

unique stable fixed x0. The quasi-potential of the corresponding station-
ary density can then be obtained by finding zero energy solutions of
Hamilton’s equations

ẋ = ∇qH(x,q), q̇ = −∇xH(x,q). (4.89)

Substituting for H, Hamilton’s equations have the explicit form

dxα

dt
= −xα +∑

β

wαβ F(xα )

1−∑
M
γ=1 qγ wγα

. (4.90a)

dqα

dt
= qα −

F ′(xα )

1−∑
M
γ=1 qγ wγα

+F ′(xα ) (4.90b)

The quasi-potential Φ can now be identified as the action along a non-
trivial zero energy solution curve x(t). That is,

dΦ
dt
≡

M

∑
α=1

∂ Φ
∂xα

dxα

dt
=

M

∑
α=1

qα

dxα

dt
, (4.91)

and we can make the identification qα = ∂ Φ/∂xα .
In Figs. 22 and 23 we present results for the bistable two-population

model76 of section 3.3. Fig. 22(a) shows optimal paths originating from

x1

x2

(a)

x1

x2

(b)

Figure 22: Two–population network with an excitatory population (α = 1) and an
inhibitory population (α = 2). Paramaters are chosen so that the network is bistable:
F0 = 1, κ = 3, θ = 2, w11 = 5, w12 = −1, w21 = 9, and w22 = −6. (a) Characteristic
paths of maximum likelihood emerging from a pair of stable fixed points separated by a
saddle. Paths originating from the left (right) stable fixed point are shown in orange (or
light gray) and cyan (or dark gray), respectively, with the paths connecting to the saddle
shown as thicker horizontal curves. The grey vertical curve is the separatrix Σ. Level
curves of constant Φ are shown as black dots. (b) Sample trajectories of the stochastic
network using the Gillespie algorithm with ε = 0.05. (The maximum likelihood paths
are independent of ε .)
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Figure 23: (a) Maximum-likelihood trajectories crossing the separatrix. (b) The probabil-
ity density for the exit point (x2 coordinate) where the separatrix is crossed by an exiting
trajectory. Results are obtained by 102 Monte-Carlo simulation with the same parameters
as used in Fig. 22, with ε = 0.08. The square symbols show trajectories from the left
well, and ’o’ symbols show trajectories from the right well.

77 Stein97; Schuss10

each of the stable fixed points. If a trajectory crosses the separatrix
away from the saddle, it is most likely to cross the separatrix above
the saddle when starting from the left fixed point and below the saddle
when starting from the right fixed point, see also Figs. 22(b) and Fig.
23(a). The distribution of exit points along the separatrix is shown for
optimal paths originating from either metastable state (square symbols
show the histogram for exit from the left well and likewise, ’o’ symbols
for the right well). Each density function is peaked away from the
saddle point, showing a phenomena known as saddle point avoidance77.
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Figure 24: Diagram show-
ing a meta population of
non-interacting neural networks
evolving in the same randomly
switching environment.
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Figure 25: Diagram show-
ing a metapopulation of non-
interacting gene networks evolv-
ing in the same randomly
switching environment.

5 Population-level correlations in metapopulations
driven by a randomly switching environment

Consider an ensemble of identical, non-interacting neural networks or
gene networks labeled by ` = 1, . . . ,M with state variables x`(t), all
being driven by the same external or environmental variable n(t)78,
see Figs. 24 and 25. The state x`(t) could be multi-dimensional,
deterministic or stochastic. For concreteness we take x` ∈R and

dx`
dt

= Fn(t)(x`) (5.1)

for `= 1, . . . ,M , with the stochastic variable n(t) independent of ` and
evolving according to a two-state Markov process with generator

A =

( −k+ k−
k+ −k−

)
.

Take the thermodynamic limit M → ∞, and let P(x, t) denote the
density of networks in state x at time t given a particular realization
σ(t) = {n(τ),0≤ τ ≤ t} of the Markov chain. The population density
evolves according to the stochastic Liouville equation

∂

∂ t
P(x, t) =

[
− ∂

∂x
Fn(t)(x)

]
P(x, t), (5.2)

with P(x,0) = p0(x).
A crucial observation is that the density P(x, t) depends on the par-

ticular realization σ . Hence, one could run multiple trails for different
σ resulting in a distribution of densities P(x, t), as illustrated schemati-
cally in Fig. 26 for some fixed time t = T . We can then define a mean
density according to

p(x, t) = Eσ [P(x, t)], (5.3)

where the subscript σ denotes expectation with respect to realizations
of the switching process. For a sufficiently large number of realizations
or trials σ1, . . .σχ and fixed x, t, we have the approximation

p(x, t) ≈ χ
−1

χ

∑
j=1

Pσ j (x, t).

However, since all particles are driven by the same switching environ-
ment, it follows that there are higher-order statistical correlations of the
density P(x, t) even when the particles are otherwise non-interacting so,
for example,

C(x,y, t) ≡Eσ [P(x, t)P(y, t)] 6= Eσ [P(x, t)]Eσ [P(y, t)]. (5.4)
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Figure 26: Schematic illus-
tration showing Pσ (x, t) for a
given time t = T and differ-
ent realizations of the common
switching environment, σ = σ j ,
j = 1, . . . , χ .
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From a computational perspective, we also have the approximation

C(x,y, t) ≈ χ
−1

χ

∑
j=1

Pσ j (x, t)Pσ j (y, t),

and similarly for higher-order moments. That is, these moments can
be experimentally measured by running multiple realizations of the
environment.

The study of populations of non-interacting stochastic processes
(Markov chains, SDEs or SHSs) evolving in a common, randomly
switching environment is finding increasing applications in cellular
neurobiology. For example, one of the fundamental transport processes
in neurons and other cells is the exchange of ions, proteins and other
macromolecules between subcellular domains such as synapses and the
cell nucleus, or between the interior and exterior of the cell, via mem-
brane pores and channels79. From a modeling perspective, there are
two important characteristics of channel-mediated membrane transport.
First, each channel is typically much smaller than the total membrane
surface area, so that one often treats the transport process as a narrow
escape problem80. Second, the open regions of the boundary do not stay
open permanently, but randomly switch between open and closed states.
One thus has to analyze a population of Brownian particles diffusing in
a common randomly switching environment81, see Fig. 27(a). Other ex-
amples include stochastically gated gap junctions82, see Fig. 27(b), and
volume neurotransmission83. We will describe a moments method for
analyzing correlations induced by a common switching environment,
applied to the particular case of SHSs.

5.1 Moments method

Introduce the lattice spacing a such that (N + 1)a = r/γ for integer
N , and let Pj(t) = P(a j, t) etc., j = 0, . . . ,N + 1. Also set F (n)

j =
Fn( ja). Then for n(t) = n

dPi

dt
= −

N

∑
j=1

K(n)
i j Pj, i = 1, . . . ,N (5.5)

Away from the boundaries (i 6= 1,N ),

K(n)
i j =

1
a
[δi, j−1−δi, j]F

(n)
j . (5.6)

At the boundaries we require P0(t) = 0 when n = 1 and PN+1(t) = 0
when n = 0. These conditions can be implemented by taking

K(1)
1 j =

1
2a

δ j,2F (1)
j , K(0)

N j =
1

2a
δ j,N −1F (0)

j .
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Figure 27: (a) Diffusion in a do-
main with stochastically gated
boundaries. (b) Cells coupled
by stochastically gated gap junc-
tions

Let P(t) = (P1(t), . . . ,PN (t)) and introduce the probability density

Prob{P(t) ∈ (P,P+ dP),n(t) = n}= ρn(P, t)dP, (5.7)

where we have dropped the explicit dependence on initial conditions.
Following the analysis of PDMPs in section 2.3, the CK for the dis-
cretized piecewise deterministic PDE is

∂ρn

∂ t
=

N

∑
i=1

∂

∂Pi

[(
N

∑
j=1

K(n)
i j Pj

)
ρn(P, t)

]
+ ∑

m=0,1
Anmρm(P, t), (5.8)

with A00 = −A10 = −k+ and A01 = −A11 = k−. Since the Liouville
term in the CK equation is linear in P, we can derive a closed set of
equations for the moments of P. For the sake of illustration, we will
calculate the first and second moments. Let

pn, j(t) = E[Pj(t)1n(t)=n] =
∫

ρn(P, t)Pj(t)dP, (5.9)

where 1n(t)=n is the indicator function that is equal to one if n(t) = n
and is zero otherwise. Moreover,∫

f (P)dP =

[
N

∏
j=0

∫
∞

0
dPj

]
f (P).

Multiplying both sides of the CK equation (5.8) by Pk(t) and integrating
with respect to P gives (after integrating by parts and using ρn(P, t)→ 0
as P→ ∞)

d pn,k

dt
= −

N

∑
j=1

K(n)
k j pn, j + ∑

m=0,1
Anm pm,k.

We have assumed that the initial discrete state is distributed according
to the stationary distribution of the matrix A. If we now retake the
continuum limit a→ 0, we recover the original CK equation (2.6) after
making the identification

pn(x, t) = E[P(x, t))1n(t)=n]. (5.10)

Hence, we can equate the probability density pn(x, t), obtained by trial
averaging over multiple realizations of the stochastic process (3.13),
with the expectation of the stochastic density P(x, t) of a population
averaged over multiple realizations of the environment such that n(t) =
n. However, from the population perspective, there are additional
higher-order statistics arising from a large population evolving in the
same random environment. In particular, consider the second-order
moments

pn,kl(t) = E[Pk(t)Pl(t)1n(t)=n] =
∫

ρn(P, t)Pk(t)Pl(t)dP.
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Multiplying both sides of the CK equation (5.8) by Pk(t)Pl(t) and
integrating with respect to P gives (after integration by parts)

d pn,kl

dt
= −

N

∑
j=1

K(n)
k j pn, jl−

N

∑
j=1

K(n)
l j pn, jk + ∑

m=0,1
Anm pm,kl .

If we now retake the continuum limit a→ 0, we obtain a system of
equations for the equal-time two-point correlations

Cn(x,y, t) = E[P(x, t)P(y, t)1n(t)=n], (5.11)

given by

∂Cn

∂ t
= − ∂

∂x
(Fn(x)Cn)−

∂

∂y
(Fn(y)Cn)+

1
ε

∑
m=0,1

AnmCm. (5.12)

Note that we have rescaled the transition rates k± in order to carry out
a QSS reduction.

Quasi-steady-state reduction of second-order moment equation

Following section 2.2, let us decompose Cn(x,y, t) as

Cn(x,y, t) =C(x,y, t)ρn + εwn(x,y, t),

where ρ0 = k−/(k+ + k−) = 1− ρ1, ∑n Cn(x,y, t) = C(x,y, t) and
∑n wn(x,y, t) = 0. Substituting into (5.12) and summing with respect
to n ultimately leads to the pair of equations

∂C
∂ t

= −∂F(x)C
∂x

− ∂F(y)C
∂y

− ε ∑
n=0,1

[
∂Fn(x)wn

∂x
+

∂Fn(y)wn

∂y

]
and

ε
∂wn

∂ t
= ∑

m=0,1
Anmwm +ρn

[
∂ [F(x)−Fn(x)]C

∂x
+

∂ [F(y)−Fn(y)]C
∂y

]
− ε ∑

m=0,1
[δm,n−ρn]

(
∂Fm(x)wm

∂x
+

∂Fm(y)wm

∂y

)
Introducing the asymptotic expansion w∼w(0)+ εw(1)+ ε2w(2)+ . . .

and collecting O(1) terms allows us to eliminate wn to yield the two-
dimensional FP equation

∂C
∂ t

= − ∂

∂x
(F(x)C)− ∂

∂y
(F(y)C)+ ε

∂ 2

∂x2 (Ds(x)C) (5.13)

+ ε
∂ 2

∂x∂y
(Da(x,y)C)+ ε

∂ 2

∂y2 (Ds(y)C) ,
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with the diffusion coefficients Ds(x) and Da(x,y) given by

Ds(x) = ∑
n=0,1

Zn(x)Fn(x), Da(x,y) = ∑
n=0,1

(Zn(x)Fn(y)+Zn(y)Fn(x)) ,

where Zn(x) is the unique solution to

∑
m=0,1

AnmZm(x) = [F(x)−Fn(x)]ρn

for Z0(x)+Z1(x) = 0. That is,

Z0(x) =
k−[F0(x)−F(x)]

(k++ k−)2 , Z1(x) =
k+[F1(x)−F(x)]

(k++ k−)2 . (5.14)

The presence of the cross-derivative terms in equation (5.13) establishes
that C(x,y, t) 6= p(x, t)p(y, t) with p(x, t) satisfying equation (2.17).

5.2 Stochastic synchronization of an ensemble of oscillators

The above framework also provides a fresh perspective on the theory
of noise-induced synchronization. Suppose that equation (5.1) with
x` ∈Rd takes the form

dx`, j

dt
= Fj(x`)dt +κb j(x`)n(t) (5.15)

for j = 1, . . . ,d. It is assumed that the d-dimensional ODE ẋ` = F(x`)
supports a stable limit cycle. Introduce the phase variable θ ∈ (−π ,π ]
such that the dynamics of an individual limit cycle oscillator (in the
absence of environmental noise) reduces to the simple phase equa-
tion θ̇ = ω , where ω = 2π/T is the natural frequency of the os-
cillator and denote the limit cycle solution by x = x∗(θ (t)). The
phase reduction method84 exploits the observation that the notion of
phase can be extended into a neighborhood M ⊂ Rd of each de-
terministic limit cycle, that is, there exists an isochronal mapping
Ψ : M → [−π ,π) with θ = Ψ(x). This allows us to define a phase
variable Θ`(t) = Ψ`(x`(t)) ∈ [−π ,π) with x`(t) evolving according
to equation (5.15). Note that certain care has to be taken when applying
the phase reduction method to stochastic differential equations, as dis-
cussed in detail elsewhere85. In particular, the amplitude κ of the noise
must be sufficiently weak and the rate of relaxation to the limit cycle
has to be faster than the relaxation rate τ−1

c of the colored dichotomous
noise (see section 2.3). Assuming that these conditions hold, we obtain
the piecewise deterministic phase equations

dΘ`

dt
= ω +κ

d

∑
j=1

Z j(Θ`)b j(Θ`)n(t). (5.16)
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Here Z j(θ ) is the j-th component of the infinitesimal phase resetting
curve (PRC) defined as

Z j(θ ) =
∂ Ψ(x)

∂x j

∣∣∣∣
x=x∗(θ )

(5.17)

with ∑
d
j=1 Z j(θ )Fj(x∗(θ )) = ω . All the terms multiplying Zk(θ ) are

evaluated on the limit cycle.
Consider the phase-reduced equation (5.16) for a given realization

σ(t) = {n(τ),0≤ τ < t} of the stochastic process n(t). Suppose that
the initial phase of the oscillators, Θ`(0), are randomly generated
from a density p0(θ ). Taking the thermodynamic limit, the resulting
population density P(θ , t) evolves according to the stochastic Liouville
equation

∂P(θ , t)
∂ t

= − ∂

∂θ
[Fn(t)(θ )P(θ , t)], (5.18)

with

Fn(θ ) = ω +κB(θ )n, B(θ ) =
d

∑
j=1

Z j(θ )b j(θ ), (5.19)

and P(θ , t) represents the density of oscillators that have the phase θ at
time t. Equation (5.18) has the formal solution

P(θ , t) =
∫ 2π

0
δ (θ −θ (t,ϕ))p0(ϕ)dϕ , (5.20)

with
θ (t,ϕ) = ωt +κ

∫ t

0
B(θ (s,ϕ))n(s)ds+ϕ , (5.21)

with θ (0) = ϕ .
Synchronization of the population for a single realization of the

environment can be established if the solution θ (t,ϕ) becomes inde-
pendent of the initial phase ϕ in the large t limit. We will proceed by
carrying out a perturbation expansion in ε along the lines of Ref.86.
That is, we substitute the approximation

θ (s,ϕ) ≈ ωs+κ

∫ t

0
B(ωs+ϕ)α(s)ds+ϕ

into the integral on the right-hand side and Taylor expand B to obtain
the O(ε2) solution

θ (t,ϕ) = ωt +ϕ +κ

∫ t

0
B(ωs+ϕ)α(s)ds (5.22)

+κ
2
∫ t

0
B′(ωs+ϕ)

∫ s

0
B(ωs′+ϕ)α(s′)α(s)ds′ds
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Now suppose that τ−1
c � ω/2π so that the colored dichotomous noise

n(t) varies much more rapidly than the phase ωt. We can then time-
average the noise so that

θ (t,ϕ) ≈ ωt +ϕ +κ

∫ t

0
B(ωs+ϕ)〈n(s)〉ds (5.23)

+κ
2
∫ t

0
B′(ωs+ϕ)

∫ s

0
B(ωs′+ϕ)〈n(s′)n(s)〉ds′ds

Since we have a stationary dichotomous noise process, which is ergodic,
we can replace the time averages by ensemble averages with 〈n(s)〉= 0
and

〈n(s)n(s′)〉=C(s− s′) = ρ0ρ1e−|s−s′|/τc .

Shifting s and s′, we thus obtain the approximation

θ (t,ϕ) = ωt +ϕ (5.24)

+κ
2
∫ t+ϕ/ω

ϕ/ω

B′(ωs)
∫ s+ϕ/ω

ϕ/ω

B(ωs′)C(s− s′)ds′ds

Note that θ (t,ϕ) is no longer dependent on the particular realization σ .
Finally, dividing through by t and taking the large-t limit, we see that the
dependence on the initial phase disappears such that θ (t,ϕ)→ Θ(t),
where

Θ(t) = (ω +κ
2Λ)t, (5.25)

with

Λ = lim
t→∞

1
t

∫ t

0
B′(ωs)

∫ s

0
B(ωs′)C(s− s′)ds′ds. (5.26)

It follows from equation (5.20) that

P(θ , t)→ δ (θ −Θ(t)),

which is independent of the particular realization of the noise. We
conclude that an ensemble of uncoupled identical phase oscillators
evolving in the same random environment driven by fast dichotomous
noise synchronize their activity, and the collective oscillation has an
O(κ2) correction to the natural frequency ω . We can also take the fast
switching limit in equation (5.26) with C(s− s′)→ δ (s− s′) to obtain

Λ =
1
T

∫ T

0
B′(ωs)B(ωs)ds = 0. (5.27)

We have exploited the fact that B(θ ) is 2π-periodic.
Although the above results are not new, our derivation in terms

of independence of initial conditions and our explicit emphasis of the
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metapopulation framework is distinct from previous studies 87. Several
of the latter establish synchrony by calculating the Lyapunov exponent
of nearby trajectories for oscillators driven by the same environmental
noise and showing that the Lyapunov exponent is always negative.
(The expression for the Lyapunov exponent is given by the integrals in
equation (5.26) or (5.27) after replacing B′ by B′′.) Within the context of
noise-induced synchronization our approach establishes a stronger form
of synchrony based on a single realization of the random environmental
input.
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